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1. INTRODUCTION

The theory of affine configuration chain complexes is important for algebraic K-theory
and algebraic geometry, first introduced by Suslin [23]. Afterwards, this theory was more
developed by Khalid et al. [14, 15] and it has found many applications in different fields
such as quantum physics, K-group theory, geometry and manifold theory. Initially, Poly-
logarithmic function

Z’I’L
Li,(z) = z:l 5 z<1
was introduced by Leibniz with formulag(zy) — log(x) — log(y) = 0. Bloch introduced
weight 1 poly-logarithmic groups; (F') by taking quotient of Z-modul& [P1. /{0, 1, 0o}]
and subgroup of Z-module, generated by the three term relatjen[y] — [zy] [1]. Bloch
also defined di-logarithmic grouB. (F) as the quotient o/ [P1./{0, 1, cc}] by the sub-
group generated by the five term relation cross ratio of four p@j;o(—l)"r(vo, ey Uy
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..,v4). Goncharov [6-9] defined classical polylog group for weight 3 and then he gener-
alized Bloch group for weight to define his own classical polylogarithmic generalized
chain complex.

Goncharov [7] proposed the geometry of Bloch Suslin polylogarithmic and configuration
chain complexes for weight 2. Goncharov also introduced geometry between configuration
and classical polylogarithmic chain complexes for weight= 3. Khalid et al. [12-19]

not only redefine geometry for weight 2 and 3 but also generalize geometry for any weight
n € N. Cathelineau [2—4] used derivation to introduce variant of Goncharov polylog chain
complex in two different ways, first one was infinitesimal while other was tangential set-
ting. Siddiqui [21] defined cross ratio of four points and the Siegels cross ratio property
in tangential form and connected affine configuration and first order tangential chain com-
plexes up to weight 3. Hussain [11] defined second order tangent group and introduced
geometry for weight 2 and 3. Khalid et al. [20] extended the work of Siddiqui to define
geometry between tangential and affine configuration chain complexes up to weight 5.
Present research work aims to extend the work of Khalid et al. [20] to propose general-
ized geometry between affine configuration and tangent group chain complexes. Section
2 is about background and basic ideas of affine configuration chain complexes, truncated
polynomial and its rings, cross ratio and duel numbers cross ratio, classical polylogarith-
mic groups and its complexes, Tangent group and its generalized chain complex, geometry
tangential and affine configuration chain complexes for weight 2 up to weigh 5. Section 3
describes the geometry of tangential and affine configuration complexes for weight 5 and
last part of section 3 is generalization of the previous work. Section 4 is conclusion of the
whole research work.

2. BACKGROUND & L ITERATURE REVIEW

2.1. Configuration Spaces and its Chain Complex.Let us assume that the general linear
group of ordem is denoted by~ L,,(F), it is acting diagonally on some sgt*. The group
action of GL,,(F) = V™ = V" produce(vy, ..., v,) elements [21]. These elements are
called configurations of an n-dimensional vector sp&€edefined over number field'.
Let us consider a free abelian groGf, (V') generated by the projective configuration of
(v, ..., v,) points. Following maps are two types of differential morphism, first oné is
defined as

n

Vo, ooy ) = Y (=1 (00, eory Biy orny ), (2.1)

[
0, is a leaving out element and other differential mep defined as

n

p(o, - vn) = Y _(=1) (vilvo, ..., By, o) (2.2)

i
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In [23] free abelian groups are connected using morphisms to get following configuration
chain complex

Grpa(n+4) —5> Gpis(n+4) —2> Gria(n +4) (A

L L L
Grpa(n +3) —2> Gryo(n +3) —2> Gpya(n + 3)

The chain complex is a bi-complex and each square in this chain is commutative (see [23]).

2.2. Affine Configuration Spaces. Assume that F is a field with characteristic 0 and the
ring of k" truncated polynomial is denoted W[c], := Fle]/e*, k > 1. Affine space
A, is a space defined over the truncated polynorfial,, .

Letv = (c1,ca,¢3,...,cn)" € AN(0,0,0,...,0)" andv. = (c1.ey..sCne)t € Al also
Ven = (€1 eh—1,Coch-1,C3 ck-1,...,Cp eo—1)" € A% [11]. Assume that a free abelian
Gm(A}Mk) generated by vectorsy, ..., v;,) in affine space{A}[E]k) [11] such that the
vectors are defined as’ = v + v.e + ... + vr-1e¥~1. Now we define the following
boundary differential maps

d: G (Ap),) = Gn-1(AR,)
and

P Coa(Afe,) = Gt (A1),

by using above two maps following generalized affine configuration chain complex is con-
structed.

Gm(Byey,) — > Gmoa (A, ) —> Gma(Af,) : (B)

lp lp ip

G (Af,) —> Gm2(Af,) —> Gns(AR],)

2.3. Cross Ratio and Siegel Cross Ratio Property of Four PointsLet (v, ..., vs) are
four points then its cross ratio is defined as

A(vo, v3)A(v1,v2)

A(’UO7 ’UQ)A(’Ul, ’(}3)

where(vo, ..., v3) € A%. Siegel [22] defined the following property of cross ratio

_ A(vo,v3)A(vi, v2) n A(vg, v1)A(vg, v3)
A(vg,v2)Avr,v3)  A(vg, v2)A(v1,v3)

(vo, v1,V2,03) =

(2.3)

2.3.1. Cross Ratio in a Polynomial Ring|e],. First we introduce the following cases
Case 1: k=1 and n=2,

A(UTWS) = A(”I)”S)EU = A('UMUQ)
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Case 2 : k=2 and n=2,
A(vy,v3) = A(vT,v3)0 + A(vi,v3)18

A7, v3)a = A(vr,vae) + A(v1,6,02)
Case 3 : k=3 and n=2,
A0}, v3) = A}, v3)e0 + AV}, v3)e1e + A(v],v5) 26

whereA (v}, v3)e2 = A(v1,v2c2) + A(V1,6,V2,6) + A(v7 c2, V2).
From [21] and [11] following are cross ratio relationshte],

r(v), s V3) = (Teo +Te16 4+ oo+ rena "N (0, oy 03)

where
. . A(vo,v3)AN(v1,v2)
reo(vy, ..y v3) = 7(vg, ..., v3) = , 2.4
(05, -+ 05) = (o0, 08) = R N (o, v3) @4)
. o AD(WE, v3) AV, v3) be {A(vg, v3) A(vy, v3) }e
(00 = (v, . 25
rer (09 %5) = R e A s) 0 R ) Ao vg) 2

* * _{A(U87v§)A(UT7US)}E * * {A(US7U§)A(UT’U§)}E
r€2(v07"'7v3>_ A(1)077)2)A(Ulav3) T(UO“..?’US) A('UOarU2)A(rUlarU3)
{A(vg, v3) AT, v3) }e

A(vo, v2) A(vr,v3)

(2.6)

7(vg, -v5 U3)
and soon up te x-1.

2.4. Classical Polylogarithmic Group Chain Complexes.Leibniz defined p-logarithm
function by an absolutely convergent series

oo n

Lif(:)=) =, z<L

n=1

Let Z[P1./{0, 1, 00}] be a free abelian group of Z-module generated by element [x] and
defined over doubly punctured set.

2.4.1. Scissor Congruence Grouf-he classical polylogarithmic grouf( F') is a quotient
1

1 . B v2] [l —wy 1—wvy
of Z[P /{0, 1, c0}] by Abel relationfv; | — [va] + [UJ [1 - vl‘l] + [1 — vl},vl # vy
andvl, Vo 7é O, 1 [5, 10]

2.4.2. Polylog Bloch Group for Weight-1ln [1] Bloch introduced a subgrouR; (F') C
Z[PL/{0,1,00}], generated by the relatiov;vs} — {v1} — {v2}, (v1,v2 € F*). The

quotient groupB; (F) = Z[PL /{0, 1,00}]/<R1(F)> is called classical polylogarithmic

Bloch group for weight: = 1. Bloch also defined a morphiséa : B, (F) — F*, defined
asd; : [v] — v. This morphism is also an isomorphism.
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2.4.3. Polylog Bloch Group for Weight 2 and Bloch Suslin Chain Complest Ro(F) =
4

Z(—l)ir(vo, weey Uiy oy vg) IS @ subset oZ[PL/{0,1,00}], generated by five term re-
=0

lation cross ratio of four points. This helped us to introduce weight 2 dilogarithm Bloch
groupBy(F) = Z[PL/{0,1,00}]/(R2(F)). We can now connedsy(F') with A2F* to

get the Bloch Suslin chain complex as follows [1].

By (F) 0 a2
2.4.4. Goncharov Chain Complex for Weight-&oncharov [6—8,10] defined the following

subgroupRs(F'), generated by the relation of triple cross ratio:

6

_ i ) (U07'U17US)(UlaU27U4)(UO;U27'U5)
RS(F) B Z(_l) Altb |:(U0, U1, U4)(U1, V2, U5)(U0, V2, 1}3)} ' (27)

=0
Goncharov [7] defined Bloch group for weight 3 as
By(F) = Z[P}/{0,1,00}]/(Rs(F)).
Following is a chain complex for weigt
By(F) — 2> By(F) @ FX — > p3px,
Lemma 2.5. dod=0(see[7])

2.5.1. Weight-n. Goncharov [7] extended his work and defined generalized Bloch group
B,(F) = z[PL/{0,1, oo}}/<Rn(F)>, whereR,,(F)is a subgroup o [PL] and it is the

kernel of the mag,, : Z[PL/{0,1,0}] — B,_1(F) ® F*. Following is generalized
polylogarithm chain complex called Goncharov chain complex.

Bu(F) 22 By 1 (F)@ FX 228 B o(FY@ A2(F) 2222 .. 22, By(Ry @ AP 2(F) S An(FX).
(2.8)
Lemma 2.6. 0n_1 006, = 0 (see [7]).

2.7. Generalized Tangent Group & Tangential Chain Complex.

2.7.1. Tangent Group of First OrderLet z andz” € F and<x; m'L =lr+a'e]—[z] e
Z|F[e]]2 [11, 21]. Initially, Cathelineau [4] introduced first order tangent gra@ug (F').
This group is a quotient of Z-module generated by the elen<ems'} , € Z[F[e]], and
the following five term relation

(] = Qo ]+ (B () ] - 2 ) T+ Gy G |

x #yandz,y # 0,1 [4,11].
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2.7.2. Tangential Chain Complex to Bloch Suslin Complex for Weighh34] for weight
2, Cathelineau defined the following tangential chain complex

TBo(F) —5> F @ F* @ A2F*,

where

e : <x,y}2= (%@(1—96)—#

see [4,21].

o) (@)

2.7.3. Tangential Chain Complex to Goncharov chain complex for Weigl@&helineau
[4] also defined tangent group of orderBBs (F') = Z[F'[¢]2]/kers, kers is the kernel of
the mapd.s = Z[F[¢]z] — TB2(F) @ F* & F ® By(F), then he defined the tangential
chain complex to Goncharov complex for weight 3 as

65 65
TB3(F) —=TBy(F) @ F* ® F @ Bo(F) — F @ N2F* & N3F*.
2.7.4. Generalized Tangential Chain Comple&athelineau [4] generalized tangent group
TB,(F) and then generalized the tangential chain complex to generalized Goncharov
chain complex for any weight as

Sne TBa1(F)QF 8(n_nye 81 TBAAF)BA"2FX 5
— —_— e — e

18, (F) 2 (FQA"'FX)@(A"F)

FRBn_1(F) FRBy(F)QA" 3 F*
whered(,,_1) . o b, = 0 (see [4]).
2.8. Tangential and Affine Configuration Geometry up to Weight 5.
2.8.1. Weight 2 GeometrySiddiqui in [21] defined the following geometry of affine con-
figuration and tangential chain complexes for weight-2.

2
p

G5(3) —— G4(2) TBy(F) ©

ol

g €
G4(3) —= G3(2) —“> F @ F* @ A2F*.

The space&r3(2) andG2(2) used in diagram(@) are example of Euclidean space of di-
mension 3 and 2.

Lemma 2.9. g3. od = 5. o0 g2 (see[21)).
2.9.1. Weight 3 GeometryThe geometry of for weight 3 is defined in [21] as follows:

G7(3) 4 Ge(3 (D)

- l

\L ltgs
9,

FQANF* @ A3FX,
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Lemma 2.10. gs. od = 4.0 g3 (see[21)).
2.10.1. Weight 4 GeometryKhalid et al. [20] defined geometry for weight 4 as follows

4
4 91,e

Gr(A%y,) — Go(Ar,) ——=TBy(F) @ N2F* & F@ By(F) @ F*  (E)

Sk

g yE
(AF[E ) 2> G5(A%[5]2) : FQRANFX @ N>

where,gg_(vg, ..., v}) = gél (vg, ..., vf) + 932 (g, ...y v3),
4 ~

g AU, ey 0%y U)E A0y ey Dig1y oey Vy)
4 * *\ i+1 [(EREES] 1y 00y V4 5 eeey Uil .-y U4
Vs -eey Uy ) = -1 - ® _ A
901( 0 4> 1:;-1( ) A(”Oa-"avia“'av4) A(an"'avi-"—%"wvﬁl)
A(/UO7 "'7ﬁi+2a ...,’U4) A(’Uo, "';ﬁi+37 "'71)4) (Z mod 5) (2 9)
A(Uo,...7@i+3,...,v4) A(Uo,...,ﬁi+47...7’04) ’
- \ S o US)E
902 (Vg ey Z /\ Alvormbravn) (i mod 5) (2.10)
_7:0 # ) ) j?"‘?
and
1 5
G105, 3) = =15 D (=D ((r(visvylvn, e 01,85, s v5);
i#]
re(v}, ]|v0,...,vA*i,vA*j,...,v§)]2®
HA(Uo,...,’LA)i,lA]T,...,UE,)/\
iET
HA(Uo,...,@j,ﬁr,...,U5)+
i
5

* % “ *
AV ooy V55,0, o, UE )

— &
= (V0 ooy iy Dy ooy U5)
1=0
[T(’l)i,’l)j|’00, ...,@1‘, ”LA}j, veey 1]5)]2@
H A(UO7 ...,@j,’f)r, ...,U5)—|—
AT
5

AV ooy U, 0%y oy UE )
A(’Uo, ...,’lA)j,’lA)T, ...,’05)

®
AT
=0

[T(’Ui,’l)j|1)0, ...,’LA)l', f)j, ceey ’U5)]2®
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HA Vs weey Viy Oy vey U )) (mod 6). (2.112)
iET

Lemma 2.11. The above diagraralis commutative (see [20].)

2.11.1. Weight 5 GeometryKhalid et al. [20] extended their work and defined geometry
for weight 5 as follows

5

gl,E
Gs(ASy,) —L> Gr(A%y,,) === TBy(F) ® A*F* & F @ By(F) @ A2F*  (F)

Ja Jo 3

g s E
G7(A%[5]2) 417) GG(A%[E]) 0 Fe ANLEX D AD X

*

where,gj. (v§, ..., vE) = g5, (v, ..., vE) + g6, (V55 ..., vE)
5

5 L OVE Ry vE)E  A(Vgy ey Dig 1y ey U5)
go (U5, ey ) = —1)t - ® - A
01( 07 5) Z;l( ) A(’l]07...,vi,...,1}5) A(vo,...,vi+2,...,v5)
A(’l}o,...,ﬁi+2,...7v5) A(UQ,...,ﬁiJrg,...,Ug))
~ A — N
A(UO,...,U1'+3,...,U5) A(’UQ,...,U,L‘J,_4,...,’U5)
A ooy Vi oo
(U07 7131-"-4’ 7”5) (Z mod 6), (212)
A(’l)()7...7’()z‘+5,...,'l)5)
> 1 . AV ey U, oy U2 )E
.. 1)7F AT AR . mod 6 2.13
902 UO’ Z: A(Uo,...,’lA}j,...,vg,) (Z moe ) ( )
=0 J;ﬁ

and

1 . PO
gfg(vg, V) = I ;(1)1(<r(vi,vj,vjvo, vy 04y 05, Dk, oo 06);
i#]

* . . % *
Te(V], V5, Vg[G5 ey V¥4, V¥ 5, 0 g, s, UG) 2®

H A(Vg,y evvy Vyy Oy Vs, ...,’UG)/\
H A(’UO7 ...7@j,ﬁr,@5, ey 7}6)/\

I 2o, ... 0%, b0, s, .. v6)+
k#r#s

6 * 5 5 ¢ *
AV ey V55,05, V%, oy UG )E
= &

T A(Vgy ey Oy Vpey Dy 2vey Vg)

7 S
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[T(Ui, ”Uj, ’Uk|’l)0, ...,’lA)Z',’lA)j,’lA)k, ...,’1)6)]2®

6
H A(vg, ey 0 Oy Dy oo, vg)A
JF#T#s

6
IT 2o, ... 0%, b0, s, ..o v6)+

k#r#s
6 ~ ~ ~
Z A(v(’;,...,v*j,v*r,v*s,...,vé)e@
i A(vg, ..., Vj, Op, Vs, ..y Vg)
=0

[T(vi; Vj, ’Uk|1)07 "'7@1"@_7’@/6’ teey Uﬁ)]2®

6
H A(’Uo, ey Uy Oy Vg, ...,UG)/\
k#r#s

6
H A(Uo, ey Uy Oy Vg, ...,’Ug)—l—
iFEr#S

6 ~ ~ ~
Z AWF, ey U gy 05, 0y ey 08 )E

— &
A(Vgy weey gy Oy Dy +ny V)

k#r#s
k=0

[T(Ui, vj, ’Uk|’l}07 ...,@Z‘,@j,ﬁk, ey Ug)]2®

6
H A(UOa "'a@ivﬁrvﬁsa "'77)6)/\
1#ETr#S

6
I 2o, ... is,ir,bs, s v6) (mod 6).  (2.14)
J#r£s
Lemma 2.12. The right square of diagraifi is commutative (see [20].)

3. GEOMETRY FORWEIGHT n = 6 & GENERALIZATION
3.1. Geometry for Weight 6. For weight 6, we construct the following commutative dia-
gram

6

Go(Afy,) —"= Gs(A%y,) == TBy(F) @ N'F* @ F © Bo(F) © NF* (G)

Y ¥

g =
Gs(Af,) — Gr(A%,) - F®NF* @A F*

where,gS_(vg, ..., v5) = 981 (v, ..., vg) + 982 (g, .y v8),

6 - .
AWy ooy V¥ e 05)E AN(V0y ey Dig 1y -v5 Ug)

6 * * 1+1
s eees = E -1 — — N
901(U0 UG) ¢:j+1( ) A(Vgy ey Viy evy Vg) © A(Vgy eeey Vig2y ooy V)
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A(’UO"“’{}FFQ)'“?’UG) A(’007 ~76i+37 7U6)
A A — A
A(”Ov"'vvi-‘r:ﬁa"'?v(}) A(UO,...,U1+4,...,’U6)
A(’007"'a’[}i-‘r4a"'7v6) A A(UO7 '7’[}i+5’ avﬁ) (Z mod 7)
A(”07~"7@i+57~“7v6) A(v07‘~~vﬁi+67”'7v6) (3 15)’
6/ % . o i1 N AV, ey V¥, ooy VE)E
90, (Vg5 -5 Vg) :Z(fl) Alv ER— (i mod 7) (3.16)
=0 j;é'L 0y -3 Ujy .y Ug
7=0
and
1 J
@S (vg, ..., v3) = ~31 ;(—1)’(<r(vi7vj7vk7vl V0, vy Diy Dy Dy Dy D1y -ony 7)5 76 (07, 07
i#]

* * |,k e e 5 % *
Vi, UL UG vy %4, 0%, 0¥ g, 07, ...707)]2®

7
H A(’Uo,...,’[}i,ﬁr,ﬁs,ﬁt,...,v7)/\
1Er#£SHEL

7
H A(Uo,...,’l}j7’l},«,’as,@t,...,1}7)/\
jErEsHt

7
H A(”O?"'7ﬁk7ﬁT7ﬁS7’0t7 ""U7)/\
k#r#£s#t

7
H A(’UO7"'7ﬁl7@’r7@saﬁt7"'7v7)+
l#r#s#t
7 ~ ~ N ~
Z AV cvey V¥4, 0%y 0¥ 5, 0%, o, U )E
A(’Uo, ...,’LA}i,lA)r,lA)s,’[)t, ...,’U7)

&
i£Tr#£SsFEL
=0

[r<viavj7vk7vl|’007 "'7’01'7 1/}]7 @lm ﬁl? --.,’U7)]2®

7
I Ao .ty b, sty v7)A
st

7
IT Ao ..ok, 6r, b4, 61, v7)A
k#r#£s#t

7
T A@o.tn, g, ba, b, ..o vr)+
l#£r#£s#t

Z AV, ..y U, V%, V5, V¥, L, VF)E

= ®
A(vgy ..., U, Op, Vs, Vg, ooy U7)

JFETFSsFEL
7=0
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[r(vi, v}, Vi, V1|0, ..., Vs, Vg, Ok, Dty oo, U7)]2®

7
H A(’Uo,...,f}i,f}mﬁs,’l}t,...,v7)/\
1FETFSsHEL

7
[T 2o, by, s, Dty ey ) A
k#r#s#t

7
H A(’U(h"'7{)[7{}’”@57@1?7“'7”7)—"

l#r#s#t
7 ~ ~ ~ ~
Z A(va‘,...,U*k,v*r,v*s,v*t,...,v?)a@
s A(Vgy weey Oty Oy Dy Dy oy U7)
k=0
[r(vi,vj,vk,vll'l)07...,ﬁi,@j,@k,'f}l,--.,'U7)]2®
7
I 2o, .56, 05,00, .. 07)A
1Fr#s#EL
7
T 2o, by br, b, 81, v7)A
st
7
T A@o .t ip, bs, b, .oosvr)+
l#£r#£s#t
7

* . 5 o 8 *
Z AV, oy U, 0%, 05, U, oy v7)5®

T, A(Vgy +eey Oy Dy Dsy Dy ooy U7)
1=0

[r(vi, v}, v, V1|V, ..., Vs, Dj, Ok, Dty oo, U7)]2®

7
H A(’Uo,...,ﬁi,ﬁr,@s,ﬁt,...,’v?)/\
iETFEsFEL

7
I Aoty br, sty ooy v7)A
JArEsFt

7
I 2o ...tk vy, bs, b1, ... v7) (mod 8).

k#r#£s#t
(3.17)

Theorem 3.2. g5.0d=16.048,
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Proof. Proof of the above theorem is same as lemma (3.2) and lemma (3.4) of [20]. Let

(vg, ..., v%) € GB(A%[E]Q) and apply morphisrd, then we get
7 .
Ay, o 03) =D (=1 (05, s Diy oy V)
i=0
Now compose morphistg; with d(vg, ..., v) then
7—1 7
4 AN (V) vi)e
6 * ®\ j i 0>r ¥ gy ¥ vy VT
90, 0 d(vy, ..., v3) = (-1) (-1) " ®
01 0 7 j=it1 ; A(IUOa Vj, U4, U7)
A(Voy vy Vjy1, Dy vy U7) A A(vo, -,ﬁj+2,flia~~~7v7)/\
A(UO7 .71A)j+2,’lA)i,...7U7) A(Uo, .,’IAJJ'+3,’IA},L‘,...,U7)
A(’Uo, .71A}j+371A}1',...,’U7) A A(Uo, .,1A)j+4,1A)Z‘,...,U7)/\
A('UO, .,®j+47@¢,...,v7) A(?)(), .7’lA}j+5,’lA}i,...,U7)
A(Uo, .,’[Jj+5,’[}i,...,1}7) (3 18)
A('U(), .,’lA)j+671A)Z',...,’U7)) ’
now apply morphisr@g2 then
7T—i 7 A oA
AV ooy V5,0, oy UF)E
6 * * j+1 0> ) VA 29 Pard
90, © d(vy, ..y v PPN (3.19)
02 ( 0 7) ]go Z ]751’ A(UQ,...,’Uj,’Ui,...,lh).
7=0

As morphismgf, = g, + g, therefore combine E®(18 and Eq/B.19), we get

T—1 7
FUAN s VI)E
o= 0 d(v, .., v3) = —1)7 > (1 X] o U U s V) ®

j:H_l pared (V0y oey 0, Vs ooy U7)
A(’Uo, .,'Uj+1,'Ui7...71)7) A(’Uo, .,’IA}j+2,’lA)i,...,U7)/\
A(Uo, .,@j+2,@i,...,v7) A(’Uo, .,@j+3,f}i,...,’l}7)
A(’Uo, .,ﬁj+3,ﬁi,...,v7) A(Uo, .,’LA)j+4,’LA1i,...,U7)

~ — ~ ~ A
A(U(), .,Uj+4,’l}i7...,’l)7) A(’Uo, .,Uj+5,1}i,...,’l)7)
A(’Uo, .,@j+5,’lA}i7...7’U7)
A(Uo, .'lA}j+6,'lA}i7...7’U7)
7—

s.

<.
I
=)

]-‘rl Z

A(vg, ...
A UO?

L UF)E
,U7).

N
,U* 5, 0%,

(3.20)

cy U, Ugy e

7

A
J;ﬁ
j=0

Take againvg, ..., v3) € GS(A%[Elz) and apply morphism$_, we get

1 7

6 *
915(”07 "'vv;) = 9

i#]

U,

T (U'L7 J?

Z(—l)i(<’l"(’l}i,"0j,’l]k,’l]l|’00, ceey ﬁiaﬁjvﬁka@ka@lv "'7’07);

* |k g 5 - 5 *
Vi, UL UG +oey %4, 0%, 0¥ g, 07y, ...,v7)}2®
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7
H A(U07"'7’[)1"@7"@3717157"'71}7)/\
iFET£SHEL

7
H A(”Ow'wﬁj)ﬁ’mﬁ&ﬁta"'av7)/\
v hett

7
I 2o, bryr, b, Dty ooy ) A
k#r#s#t

7
T 2o, ... 00,00, 64, 81, v7)+
l#r#s#t
7 ~ ~ ~ ~
Z AV ey U4, 05, UF 5, 0%,y oy UF)E

eyl A(Vgy wey Uiy Opry Dy Oy ooy U7)
i=0

®

[’I"(’Ui,’Uj,’Uk;,Ull’UQ, "'7ﬁia@jaﬁkaﬁl; ---77}7)]2@

7
H A(”O?"',ﬁjaﬁr,{)sv@tv"'7v7)/\
R

7
I Ao ..ok 6r, 64,61, v7)A
k#r#£s#t

7
H A(Vgy eeey Opy Oy D, Dy oy 07)+
l#£r#£s#t
* o . o o *
A(VG, .y U, 0%, U 5, U5, L, U5 )E

i A(vgy ..., U, Op, Vg, Vg, ooy U7)

®

[1(vi, V5, Vi, V|00, oy Vi Dy Dy Dy ey U7)] 2@

7
H A(U07"'7{)1"@7"{}3717157"'71}7)/\
iET£SHEL

7
H A(”Oa"'a@k7@7'5@87’&t7"'7U7)/\
k#r#£s#t

7
IT 2o, .... 00,0004, 81, ... v7)+
l#r#s#t
7 ~ ~ ~ ~
Z AV ey V¥ ey UF oy U, 0%, oy UF )E

hhoTst A(Vgy vy Oty Oy Vg, Dty oy U7)
k=0

®

[r(vi,vj,vk,vl V0, ...,ﬁi,ﬁj,f}k,f}g, ...,1}7)]2®
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H A(U07"'7’[)1"@7"@3717157"'71}7)/\
iFET£SHEL

H A(”Ow'wﬁj)@’mﬁ&ﬁta"'av7)/\
v hett

H A(’UOv"'7’[)laﬁraﬁsaf}t7“'7v7)+

l#r#s#t
7 ~ ~ N ~
A(VFy ey V1, Uy UF 5, UF gy oo, UF )E
A P — &
[ —— (Uo,...,UZ,UT,’US,’Ut,...,U’?)
=0

[r(vi,vj,vk,vﬂvo, ...,ﬁi,ﬁj,ﬁk,f}g, . 1}7)]2®

I 2o, ... 0660, 05,01, .. 07)A
iFETESHEL

H A(”O?"'?ﬁjaﬁrvﬁsvﬁtv~"7v7)/\
JFTFsFL

7
I Ao ..ok br, 64,81, 07). (3.21)
k#r#£s#t

Now compose morphisnm. with ¢$_(vg, ..., v%) and simplify using tensor, cycle, Siegel
cross ratio and wedge properties, the above becomes

7T—1

Jj=i+1 1=0
A(/1107 ; Uj+1, Vs, ,U?) A(”Oa Vj4+2, Ui,y 7U7)
N A
A(va an+27U’L7 77}7) A(’UOa 'Uj+3,'l)1, "707)
A(UQ,...,’[A}J‘_F?”’IA}“...,1}7) A(Uo,...,?A].j+4,’lA]i,...,U7)
= = A — — A
A(UQ,...,U;‘+4,U¢,...,’U7) A(’Uo, ’Uj+5,’l)l, ..,7)7)
A(Uo,...,@j+57’f)i,...7v7)
- P +
A(’Uo,... vj+6,vi,...,v7)

From Eq.8.20) and Eq'8.22), we must say thag$. o d = 4. o gf..
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3.3. Geometry for any Weight n. Using previous lemmas, work and calculation, we have
constructed the following generalized commutative diagram

n
gl,e

Grra(AGl),) — = Gnia(Afp,) — > TBy(F) @ A" "2F* & F @ By(F) @ A" 3 F

ld A :

Gria( AL, ——= Gnr1(AR,) F® AVLEX @ AVFX

(H)
where,gg. (vg, -, v5y) = g0, (V55 -, V) + 98, (V5 -+, V)

n
1 AWE, v e U )e AV, ey i1y eey Un)
g0 (Vg . vl) = —1)+t — T ® - VA
0, (Vo n) l;rl( ) A(V0)y eny iy vey Up) AV, ery Vjg2y oeey Up)
A(’Uo,...,’l:)i+2, ...,vn) A A Vo, ...,’l:}i+37...7’0n) AN
A(Uo,...7vi+3,...,1}n) A(Uo,...,?]i+47...7’0n)
A s Uity ---
(vo, ’Ulj_n L 7Un)(imodn—&—l), (3.23)
A(U()v'"vvi—‘rna'"avn)
n n ~
- A, v, vk e
g (05, vr) =Y (=17 A(UO U e odn 1) (3.24)
= i (V0 evey Dy ooy Un)
7=0
and
+1
* * (_1)n+1 X i ~ ~ ~
g?E(UO’ ""Un+l) :T@ z:(—l)’(<r(1}i0,’0il, ey Vi 0 |V0y w5 Vigs Uiy s oevy Vg oy wuns

G0F01 - Flin—2

. * . o o *
Vng1)5 Te(Vigs Vig s oees Uiy g [UG 5 o0y Vi V¥4 ooy VN gy ey U 1) 2®
n+1
H A0, vy Dig s Digt1s -y Digpn—3s +oes Unp 1)\
i0Fto+1#...Fig+n—3
n+1
H A(Uo, coos Vigs Vi 415 -5 Vig4n—3; "'avn—‘rl) AREA
i1t +1#. . #i1+n—3
n+1
H AN(V0, vy Diy gy Dyt 1y ooes Dy g fm—3s oy Vg1 )+
in—2Fin—2+1#.. . Fin_2+n—3

N . "
Z A(U(),...7’0*7;0,U*Z‘O_;,_l,l}*io_;'_n_g,...7’Un+1)€

Ao, ey Uiy, U Vjgdm—3y eees U
io¢i0+1¢...¢io+n£30’ sy Vigy Vig+1y Vig4+n—35 -+ n+1)

* % i * *
[Wigs Vi s ees Vi o |UG s ooy Uiy V¥ iy s ooy V¥ gy ey U1 ]2®
n+1

H A(UO7 "-7{)1'17171'1—&-1’ ...,{},‘1_'_71_3, ceny Un+1) VARRVA
G174 +1#. Fii+n—3

&
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n+1
H A(1}07 s Vi 99 Vi o415 oy Vi _o4n—35 +++s U7L+1)+
in—2Fin—2+1#. . Fip_2+n—3

n+1 * o e i *
Z A(Ul, ceny v*il,v*i1+1,v*i1+n_3, veny Un+1)€

Ao, ey Uiy, U Vi a3y eees U
i1;6i1+1;£...;£i1+n—(307 sy Uiy Vig4+1y Vi 4+n—3y =+ n+1)

®

* o . . *
[Wigs Vir s woes Vi [ UG5 ey Ui V¥ig s ey V¥ gy ey U1 ]2®
n+1
H A(Uo, ...,’lA)iO,QA]iO+1, -~-a{}io+n—3a ceny Un+1) VARRVA
i0#£to+1#...Fig+n—3
n+1
H A(’UO> EE) 61‘7L72’ /ﬁin72+1) ) ﬁi'r},72+n73’ ) U”Jrl) t+-t
in—2Fin—2+1#.. . Fin_2+n—3

n+1 * ” " > *
j : A(’Ul oo Vi 0 Vi 0415V _odn—3, o) Un+1)5

®

in72ii"iz_‘rl#m#ini?&_i_(ggg'"a,Uin_27vin_2+1avin_2+n—37 vy Ung1)

* o o . *
[Wigs Viy s wves Viyy 5 [U0 5 oy Uiy V¥ 5 ooy V¥ ooy Up 1 ]2®
n+1
H A(’UQ7 ...,’(A}Z'O,’lA}i0+1, ...,@i0+n,3, ...,Un+1) VANRRYAN
ioFio+1#£...FAio+n—3
n+1
H A(1}0, (XX} ﬁin_gv Oin_3+1; () ﬁin_3+n73a B3] U’n+1)
in_3Fin_3+1#...Fip_3+n—3
(mod n + 2). (3.25)

Theorem 3.4. go.od=0.0g7.

Proof. Let (vj, ..., v}, 41) be(n +2) points in spacé,, 2 (Af%,,) and apply morphism,
then we get

n+1
d('UE;, veoy ’U:H_l) = Z(—l)z(’ug, ...,’lA)i, ...,’U:L+1)
i=0
Now apply morphisnyg then
n+1—1i n+1 A A
. (UG ey U, 0%, U )E
gy, o d(vg,..., v, = -1/ -1 — ®
01 ( 0 n-‘rl) j;_l( ) lz:;( ) A(Uo,...,’l]j7’l)7;,...,’l)n+1)

(’00, ...,’lA)j+2, 'lA}i7 ...71)n+1)
(’Uo, ceny f}j+3, f}i, ~-~7Un+1)
A(Uo, --~7@j+n—17ﬁia ...,Un+1)

A(Uo, ceey ’IA}jJrn,’lA}i, ...,’Un+1).

'U07~~'7'Uj+1a’u727"'7vn+1) A

/\A
A

JANTAAN

A(
A(/UO7 ey @j+27 ﬁia o5 Un41
A(
o (3.26)

V0, oy D435 Viy o0 Unp 1)
Vo, "'7ﬁj+47@ia "'7Un+1)
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Now compose morphisngy, andd(vg, ..., vy, 1) then

Sy = (VF, oy 0%, 0y 0 )E
. . ey Uy,
PRYCRSTISERD SR ST Aoty @2

= (V0 ovey Djy ooy Un).
j=it+1 =0 ]751

The morphisnyj. = gii. + g3, therefore combine E@(26) and Eq8.27), it follows

n+l—1i n+1 ~ ~
. A(US e UV U )6
o od ’U*,...,’U* = —1)? —1)* PR 37 A 5oy Uptl
9o © d(v§ n+1) j;l( ) 12:(:)( ) D00y s 85192 o Umt1)

A(’Uo,...,’lA)j+1,’lA)i,...,Un+1) A(Uo,...,@j+2,@i,...,’UnJrl)

~ ~ ~ ~ A
A(’U()a"'an+27vi7"'7’Un+1) A(’UO,...,Uj+3,Ui,...,’Un+1)
A(v, s 0543, Diy v, Uny1) AL A A(Um~--7@j+n—1,@i,~-~7vn+1)+
A(/007"'7@j+4aﬁi7"'7’U’n+1) A(”Ow-vﬁj{»naﬁi;---;vn+1)
n+1—1 n+1 ’U ’U U*)é‘
S Y AL Ao (3.28)
Pt pare J#l (vo, ..., U ..,vn).

Take againvg, ..., v, 1) € Gn+2(AF[E ) and apply morphismyy., it follows

(Dt 4
Gre (05, Vi) =g 3 (_1)Z<<r(vi0,vi1, ey Vi V05 ooy D
2 10F41 ... Fln—2

N N i _ ] ) *
Viyyeeey Uiy _os "~7vn+1)v TE(Ulmvlla woy Vi _5|Ugy -eey

5 % % *
Vi y V% ey VX sy Un+1)] @
n+1
H A(V0y vy Digy Vig 415 -0y Digbn—35 oy Unp 1)
ioFio+1#...#io+n—3
n+1
H A(1)07 ~"7©i1,ﬁi1+17 "'7’Dil+n73a "'avn+1) AREA
iy Air+ 15 Eiy -3
n+1
H A(U()a () @i'n,—Q’ ,ﬁin—Z"Fl? () ﬁin_2+ﬂ—37 ) ’Un+1)+
in—2Fin_2+1#.. . Fip_2+n—3

&

N . "
Z A(U(),...71)*7;0,U*i0+1,1}*1‘0+n_37...,Un+1)€

AUy wvvy Vi, Vg Vi tm—3y +ery U
i0¢i0+1¢.“¢i0+n7(30a sy Vigy Yig+1y Vig4+n—35 -+ n+1)

* e . . *
[Wigs Viy s ooy Vi o |UG s ooy Uiy V¥ iy s ooy V¥ gy ey U1 ]2®
n+1
H A(UO7 ey Uiy Uiy ly ey Uiy gn—35 ooy Un+1) VARRVAY
i1#11+1#...#i1+n—3
n+1
H A(UO7 ceey ’Ui"72, Uin72+1, ceey ’l}in72+n_3, ceey ’Un+1)+
in—2#in—2+17£-“7£in—2+n—3
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n+1 * 5 5 5 *
Z A(Ula ) U*i1av*i1+lvv*’i1+n—3a ) Un+1)€

®

Ao, ey Uiy, U Vi a3y eees U
i1¢i1+1¢...;ﬁi1+n—(307 sy Uiy Vig4+1y Vi 4+n—3y =+ n+1)

* . . . *
[Wigs Vi s oo Vi o |UG s ooy Uiy V¥ iy s ooy V¥ gy ey U1 ]2®
n+1
H A(UO7 "-7’01'07@1'0—&-1’ ...,ﬁi0+n_3, ceny Un+1) VARRVAY
i0#£to+1#.. . Fig+n—3
n+1
H A(’UO7 “ney ’Uin727 /Uin,2+17 (XS ’Uin,2+n737 (XS UnJrl) + e +
in—2Fin_2+t1#.. .Fip_2+n—3

n+1 * ” i’ o *
2: A(U17"'7’U*in727v*in72+17,U*in72+n737'."Un+1)5

®

A(V0yeees Vi oy Uy 0; gy ey U
inf#in72+1¢_“¢in72+(n93 s Vip 2y Vip_o+1sVip_o4n—3) - n+1)

* % o S *
[Wigs Viy s wves Uiy 5 [U0 5 oy Uiy V¥ 5 ooy V¥ s ooy Up 1 ]2®
n+1
H A(’UO7 ~~-7@i07'{}i0+17 ...,@i0+n,3, ...,®n+1) VANRIYAN
io£iot1. . Fig+n—3
n+1
H A0, ey Diyy g5 Vi 51500y Diy_gpn—3s e Unt1)-
in—3Fin_3+1#.. . Fip_3+n—3
(3.29)

Now compose morphism& and g7 (v§, ..., v;, 1) and simplifying using tensor, cycle,
Siegel cross ratio and wedge properties, the above equation becomes

n+l—1 n+1 ~ ~
, CAN(UE, ey VR 0%, 0k )E
50 (1) = 3 (-1 Y (o1 S e

jmit1 =0 0,...,1)],’1)2,...,’[)n+1
A(Voy -y Vjy1, Dy ey Ung1) A A(vo, -y Djt2, i, ---,Un+1)/\
A(U07“'7ﬁj+27{)i7"'av’n+1) A(”Ov"'?f}j+3>f}ia"'7vn+1)
A(U07"'7’[}j+37’[)ia'~-aU7L+1) A A A(”Oa"'a@j-‘rn—hﬁia"'aU7L+1)+
A(U07...7ﬁj+47@i,...,'Un+1) A(v[),...,ﬁj+n,i}i7...7vn+1)
n+1—1 n+1 n ~

; ; Ag, ..y ¥, ., 00 )E

> (=17 (-1 A(Z]O’ R ’”")) (3.30)
S pard e U0y eevy Vjy oovy Up).

7=0
From Eq/B8.28 and Eq/8.30), we must say thagj. o d = 0. o glL..

4. CONCLUSION

Generalized geometry between Tangent groups and affine configuration chain com-
plexes is studied in detail. In the previous work, researchers discussed geometry only
for lower weights but here generalized weight n is proposed by some valuable generalized
homomorphism. In past research, researchers defined only few arbitrary homomorphisms
for weightn = 2 up to weightn = 5. But here we generalized all homomorphisms for any
weightn € N.
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