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1. Introduction

The study of Banach contraction principle have led to number of generalizations and
modification of the principle. It concerns certain mappings of a complete metric space into
itself. It states sufficient condition for the existences and uniqueness of fixed points. The
theorem also gives an iterative process by which we can obtain the approximation to the fixed
points. Many authers have generalized the well known Banach contraction principle in several
different forms, we may see for example [7, 9, 10, 13, 14,16, 18].

In [6] Dhage introduced D-metric space as a generalization of metric space and proved
many results in this setting. But in 2005, Z. Mustafa and B. Sims [12] proved that these results
are not true in topological structure and hence they introduced G -metric space as a
generalized form of metric space. Since then many authors including Z. Mustafa [11] have been
studying fixed point results in G -metric spaces. In [2] M. Akram, A. A. Siddiqui and A. A. Zafar
introduced a class of contractions, called A-contractions and proved some fixed point theorems
for self maps using A-contractions. This general class of contractions properly contains some of
the contractions studied by R. Kannan [8], Bianchini [5], M. S. Khan [9] and Reich [15] for details
see [2, 17]. Further, M Akram, A. A. Siddiqui and A. A. Zafar have studied some fixed point
theorems using A-contraction in generalized metric spaces (gms), for detail see [3] and [4]. In
this paper, we prove some fixed point theorems for sequences of self mappings using A-type
contraction in G -metric space. Also, we show that these results extends and improves the
corresponding results in [2, 14] and other corresponding results in the current literature.
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2. Preliminaries

In this section, we give some basic definitions and results on G -metric space from [12],
which we require in the sequel.

Definition 2.1 Let X be a nonempty setandlet G: X xX xX —R, be a function satisfying
the following properties,

G(x,y,2)=0 if x=y=z,

0<G(x,x,y) forall x,yeX with x=y,

G(x,%,y)<G(x,y,z) forall x,y,zeX,with zzy,

G(X, Y, Z) = G(X, Z, y) = G(y, Z, X) = (symmetry in all three variables),

G(x, Y, Z) < G(x,a,a)+G(a,y,z) forall x,y,z,ae X, (rectangular

vk wn e

inequality).
Then the function G is called a generalized metric or more specifically, a G -metric
on X, and the pair (X,G) iscalleda G -metric space.

Definition 2.2 A G -metric space (X,G) is called symmetric G -metric if
G(x,y,y)=G(y,x,x) forall x,yeX.

Definition 2.3 Let (X,G) be a G -metric space, and (xn) be a sequence of points of X, a
point X e X is said to be the limit of the sequence (Xn) if Iimn,m_mG(X, X, Xm): 0, and one
can says that the sequence (x,) is G -convergentto X.

Thus, if X, > X ina G-metric space (X,G), then for any £>0, there exist NeN

suchthatG(Xx X )< g,forall nnm>=N.

17 'm

Proposition 2.4 Let (X,G) be a G-metric space, then the following are equivalent,
1 (Xn) is G-convergentto X,

2. G(x,,x,x)—>0,as n—oo,
3. G(x,x,x)—>0,as n—>oo,
4. G(x,,x,x)—0,as mn—o.

Definition 2.5 Let (X,G) be a G -metric space, a sequence (Xn) is called G -Cauchy if for
every >0, thereis N €N such that G(Xn,xm ,x|)< g, for n,m,| >N thatis, if

G(x X xl)—>0 as n,m,l —oo.

n!“m 1

Proposition 2.6 Let (X,G) be a G -metric space, then the following are equivalent,
1. (x,) is G-Cauchy,
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2. for £>0,thereexist Ne&N such that G(X X, X )<g,forall nm=N.

n?*“'m? “'m

Definition 2.7 A G -metric space (X,G) is said to be G -complete if every G -Cauchy
sequence in (X,G) is G-convergentin X.

Definition 2.8 Let (X,G) and (X',G') be G -metric spacesandlet f:(X,G)—(X',G) be
a function, then f issaidto be G -continuous at a point a< X if and only if, given & >0,
there exists & >0 suchthat x,ye X ;and G(a,x,y)<d implies G (f(a), f(x), f(y))<s.
A function f is G -continuous at X ifandonlyifitis G -continuousatall ae X.

3. Fixed point theorems for sequences of self mapping
Definition 3.1 [2] Let A stands for the set of all functions « :R® — R, satisfying,
1. «a is G-continuous on the set Ri of all triplets of nonnegative reals (with respect to
the Euclidean G -metricon R® ).
2. ac<kb, for some ke[O,l),whenever a<a(a,b,b) or a<a(b,a,b) or a<a(b,b,a)
,forall a,beR,.

Definition 3.2 (A-type Contraction) Aselfmap T ona G-metric X issaid to be A-type
contraction of X if there exists « € A such that,

G(Tx,Ty,Ty) <a(G(x, Yy, ¥),G(X, TX, TX),G(y, Ty, Ty)),
forall x,y in X.

Next theorem is the extension of Theorem 6 of [2] from metric space setup to the G -metric
space setup.

Theorem 3.3 Let a€ A and {T.}.., be asequence of self mappings on a complete G
-metric space (X,G) such that
G('I'ix,Tj Y, T, y)g a(G(x, Y, Y),G(X,Tix, T;ix),G(y, T; ¥, T;¥))...(2).
Then {T.},-, hasaunique common fixed pointin X .
Proof: Define a sequence {X,} in X as x,=TX, ,, where n=1,23....

Now,
G(Xy, %y, X;) = G(Ty X, To X, ToX,) -
By using (1), we get
G(X, X, %) < a(G (X, X, %), G (%o, Ty X, TiXo), G (X%, ToX,, Ty X))
= a(G (X X, %), G(Xg, X1, X1), G (X, X3, X;))
<KkG(X,, X, %), for someke[0,1)....(2).
Again,
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G(X, X5, %) = G(T,%, TsX,, ToX,)
S a(G(X, X, %), G (X, X, 1% ), G (X, ToX,, T3, )
S a(G(X;, %, %), G (X0, X, %), G (X, X5, X3))
<kG(X,, X,,X,), for someke[0,1).
Now using (2), we have
G (¥, X %) <K(KG(X,, %, %,))
<k*G (X, X, X,)-
Similarly,
G (X3, Xy, X,) < K3G (X, X, %,)-
Continuing in this way, we get, G(X,, X, X)) SK'G(Xp, X, %) . As k<l
G(X,s X1u15 X401) >0 as N—o0.

’

Now, by repeated use of the rectangular inequality of G -metric, for every integer
p >0, we can write

G(Xs Xnips Xnip) S G(Xys Xouas Xia) + G (Xags X210 Xai2)
+ G (K20 Xnizr Xpez) et G(X 51y X s Xosp)-
This gives Iimn%G(Xn,XMp, xn+p) =0, which implies {X,} is a G -Cauchy sequence and
since X is complete there exist XeXsuchthat X, ->X as n—co.
Now for n>m, we can write
G(X,T.X,T.X) <G(X, Xp1s Xmia) + G (Xpars T X, T, X)
= G (X, X125 X)) + G (Tp0 X T X, T X)
<G (X, Xpygr Xpr) T (G (X, X, X), G (X, Toa X T X )
G(x,T,x,T,x))
= G (X, Xpagr Xaa) + @ (G (X, X, X), G (X X1 Xi)
G(x,T,x,T,X)).
Let m— o0, then
G(X,T.x,T,x) <G(X X, X)+a(G(X, X, x),G(X,X,X),G(x,T,x,T,X))
<0+a(0,0,G(x,T,x,T,X))
<kO
=0.

Which gives X =T,X.
Now suppose Yy is another fixed point of T,,thatis, T.y=y forsome ye X.

G(x, v, y)=GTXT,y.T.y).
By using (1), we get
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G(xY,y) <a(G(xY,y),G(XTxT,x),G(y,T,y,T,Y)
=a(G(x,Y,¥),G(x,X,X),G(Y, ¥, Y))
<a(G(x,Y,Y),0,0)
<k0
=0.

Hence, x=y.
Corollary3.4 Let € A and {T.}.., be asequence of self mappings on a complete G -metric

space (X \ G) such that any one of the following contractive condition is satisfied,
1. There exist a number ae [O,%) such that forall x,y in X,
G(Tx,T,y,T,y)<aGxTxTx)+G(y, T,y T,y)).
2. There existanumber he[0,1) suchthatforall x,y in X,
G(Tix,ij,Tj y)s h /G TXTXG(Y.T,y.T;y).
3. There exist anumber he[0,1) suchthatforall x,y in X,
G(Tix,Tj Y, T; y)s hmax{G(x, T;x, T;x),G(y, T;y,T;y)}-
4. There exist numbers a,b,c<[0,1) suchthat a+b+c<1 andforall x,y in

X,
G(Tix,Tj Y, T, y)g aG(x,y, y) +bG(x, T;x, T;X)+cG(y, T;y,T,;y).
Then {T }., hasaunique common fixed pointin X .

Proof: In [1], it is shown that above contractions are A-type contraction so by Theorem 3.3, we
can conclude that {T }._, hasa unique common fixed pointin X .

Next theorem is analogous to the Theorem 2 of [3] in G -metric space.
Theorem 3.5 Let {T,} and {S,} be sequences of self maps on a complete symmetric G
-metric space (X,G) satisfying,
G(T, % S,¥,S,¥) < @(G(T, %% X), G(S, ¥, ¥, Y), G(X, ¥, Y)),
for all x,ye X, for some a€A, and for each m,neN. Then {T.} and {S.} have a
unique common fixed point.
Proof: Define a sequence {X.} in X as, X,,,, =T,.%X, and X,, =S X, ;.
Consider,
G(Xon Xoniar Xonia) = G(SXan 11 T Xons ThiaXan)
S a(G(S,Xyn 15 Xon15 Xan-1)s G (T 1 Xons Xans Xan),
G (Xan-1 X201 X2))
= a(G(X;n, Xon-1) Xon-1)s G (Xani1s Xons Xan )y G (Xon_1, Xon s X0 ))-

Since X is symmetric G -metric Space, we can write

97



G(XZn’ X2n+l’ X2n+l) < a(G(XZn—l’ X2n ! X2n)’ G(XZn ' X2n+1’ X2n+1)’ G(XZn—l’ X2n ! X2n))
< kG(XZn—11 X2n ! X2n)1

for some k €[0,1) . Similarly, we have
G(Xo_12 Xoms Xon ) S KG(Xor s Xon 11 Xon1) » fOr some k €[0,1).
Which gives
G(XZn’ X2n+1’ X2n+2|.)S kZG(X2n72’ X2n71, X2n—1)'
Proceeding in the same way, we get
G(X2n+l’ X2n ! XZn)S kznG(XO’ Xil’ Xl)'
In general, we have
G(X,, X110 X011 ) S K"G(Xg, X;, X)), for some ke[0,1). As k<1, G(X,, X3, X,,,) =0 as
nN—>00.
Now, by repeated use of the rectangular inequality of G -metric, for every integer p>0, we
can write
G(X,, Xoips Xn+p) <G (X Xnogr Xpi1) + G (Xa1s X2 Xni2)
+G (X120 %oz Xn+3)+"'+G(Xn+p—1’ Xnip Xn+p)'

This gives limn_..G(X ) =0, which implies {x.,} is a G-Cauchy sequence and

n'Xn+p’ Xn+p
since X is complete there exist Xe X suchthat X, — X as n—oo0.

Now for each m>n consider,
G(T, %X, X) <G(T, X, Xy, X5,) + G (X5, X, X)

<SG (Xpns X X) + G (T, X, X5 Xy)

< G(XZn ' X1 X) + G(rmxi anZn—11 anZn—l)

< G(XZn’ X’ X) + O((G (me’ X’ X)! G(anZn—l’ X2n—l’ X2n—1)’
G(X! X2n—1’ X2nfl))

= G(XZn’ X' X) + a(G(TmX’ X! X)’ G(XZn ’ XZn—l’ Xanl)’

G (X’ X2n—11 X2n—1))'

Let N — o0, we get
G(T, %, X, X) <G(x,X,X)+a(G(T,x, X, X),G(X,X,Xx),G(X, X, X))

<0+a(G(T, X, x,x),0,0)
<kO
=0.

This implies that X =T_x. Similarly, we can show that S x=Xx. Thus {T. } and {S,} have
common fixed point X. The uniqueness can be obtain easily. This completes the proof.

Corollary3.6 Let € A and {T.} and {S.} be asequences of self mappings on a complete

G -metric space (X : G) such that any one of the following contractive condition is satisfied,
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1. There exist a number ae[O,%) such thatforall x,y in X,

G(T xS,y,S,y)<a(G(x T xT x)+G(Y,S,Y,S,Y)).
2. There existanumber he[0,1) suchthatforall x,y in X,
G(T,x,S,Y,S,Y)<hyG(x T, x,T,X)G(Y,S,V,S,Y).
3. There existanumber he[0,1) suchthatforall x,y in X,
G(T,x,S,Y,S,y)<hmaq{G(x,T,x,T.x),G(Y,S,V,S,y)}.
4. There exist numbers a,b,c<[0,1) suchthat a+b+c<1 andforall x,y in

G(T x,S,Y,S,y)<aG(x,y,y) +bG(x,T xT, x)+cG(Y,S,V,S,y).
Then {T.} and {S,} hasaunique common fixed pointin X .
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