PunjabUniversity Journal of Mathematics
(ISSN1016-2526)
Vol. 53(2)(2021) pp19-33

A Study of Completely InverseParamedial AG-Groupoids

Muhammad Rashé&dimtiaz Ahmad and Faruk Karaasl&r

@bDepartmendf Mathematicsniversity of Malakand, Chakdara, Pakistan.
Email: rashad@uom.edu.plashmad@uom.edu.pk

‘Departmendf MathematicsC ankiri KaratekirUniversity
Email: fkaraaslan@karatekin.edu.tr

Received25Feburary2020/ Accepted:20 January2021/ Publishednline: 22 Feburary, 2021

Abstract.: A magma S that meets the identityy -z = zy-x, Vz,y,z € S

is called an AG-groupoid. An AG-groupoid S gratifying the paramedial
law: wv - wxr = xv - wu, Yu,v,w,z € S is called a paramedial AG-
groupoid. Every AG-grouoid with a left identity is paramedial. We extend
the concept of inverse AG-groupoid [4, 7] to paramedial AG-groupoid and
investigate various of its properties. We prove that inverses of elements in
an inverse paramedial AG-groupoid are unique. Further, we initiate and
investigate the notions of congruences, partial order and compatible partial
orders for inverse paramedial AG-groupoid and strengthen this idea fur-
ther to a completely inverse paramedial AG-groupoid. Furthermore, we
introduce and characterize some congruences on completely inverse para-
medial AG-groupoids and introduce and characterize the concept of sep-
arative and completely separative ordered, normal sub-groupoid, pseudo
normal congruence pair, and normal congruence pair for the class of com-
pletely inverse paramedial AG-groupoids. We also provide a variety of
examples and counterexamples for justification of the produced results.

AMS (MOS) Subject Classification Codes: 20N02; 08A30
Key Words: Completely inverse AG-groupoids, paramedial AG-groupoids, congruences,

natural partial order.

1. INTRODUCTION

The theory of AG-groupoid is introduced 972 by Kazim and Naseer [6]. AG-
groupoids generalize the class of commutative semigroups and satisfies the medial law,
ab-cd = ac-bd. Throughout this article$ will represent an AG-groupoid otherwise stated
else. This structure is closely related to a commutative semigroup because a commutative
AG-groupoid is always associative [7]. An AG-groupoid may or may not contains a left
identity element, and if an AG-groupoid contains a left identity, then this left identity is
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unique. It is important to mention here that if an AG-groupoid contains identity or even a
right identity element, then it becomes a commutative monoid. Further, the left identity of
an AG-groupoid permits inverses of elements in the structure. An AG-groupoid with the
left identity is called AG-monoid, and satisfies the paramedial prop@tycd = db - ca.
Every paramedial AG-groupoid also satisfies the bi-commutative property,

ab-cd =dc-baV,a,b,c,d.

AG-groupoid.S with the propertyab - ¢ = b - ac is called AG* and is called AG** if it
satisfies the identity, - bc = b - ac. We shall use the juxtaposition to avoid excessive
parenthesization and dots izev will meanw - v, uv - wt for (v - v)(w - t), and(uwv - w)t for

((u - v)w)t. AG-groupoid is a hon-associative structure in general that possess a variety of
applications in the field of flock theory, geometry and finite mathematics [10, 11, 12, 13].
Fuzzification of the field has made it more interesting and applicable [1, 5, 14, 15].

Various other aspects of the said structure are also investigated by different researchers
in a variety of papers [16, 17, 18, 19, 20] and the references therein. Inverse and completely
inverse AG-groupoids are defined by Mushtaq and Igbal [7], Peter V. Protic [3] and Wies-
law A. Dudek and Roman S. Gigon [4]. Some congruences on an inverse and completely
inverse AG**-groupoids are defined [2, 3, 4, 8, 21]. In this section we define some congru-
ences on completely inverse paramedial AG-groupoid. To proceed further, we start with
the following definition.

Definition 1.1. [4, 7] An AG-groupoidS is called inverse AG-groupoid, if for everye S,
there exista)’ € S such thatu = uu' - v andu'v - v = «'. Byu' we mean the inverse of
u. An AG-groupoidsS is called completely inverse AG-groupoid if it satisfies the identity
uu' = v'uforallu e S.
It is proved by Q. Mushtaq and M. Igbgd] that if ' is an inverse of, andv’is an inverse
of v in an AG-groupoid, then

(uwv) = u'v'. (1.1)

Example 1.2. Consider AG-groupoid = {1,2, 3,4} defined in Table 1. Then, the rela-
tion < define ast < b <= a = aa~! - b is compatible on AG-groupoif.

. \ 1 2 3 4
111 2 3 4
212 1 4 3
3/14 3 2 1
413 4 1 2
Table 1

Definition 1.3. An AG-groupoid(.S, -) is called an ordered AG-groupoid, § posses an
order. In this case, we can writgs, -, <).

Definition 1.4. An ordered AG-groupoids, -, <) is called separative if

(1) Yu,v € S,u? <uv, vu <12 =>u < .
(2) Yu,v € S,u? <vu, uv <12 =>u< 0.

In Example (1.2) the relatiors is separative.
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Definition 1.5. A separative ordered AG-groupoilis called completely separative if

w,v,x,y € S,x <y, (zy)u < (zy)v = 2*u < v, y*u < y’o.
2. CONGRUENCES

In this section we define some relations on paramedial and inverse paramedial AG-
groupoidS. We prove that the following relations are congruences on paramedial and
inverse paramedial AG-groupoftl

1) n=A{(u,v) € S x S: (3 € ES)), lu=Ilv};

2) p={(u,v) € SxS:zu=2av, Ve S};

3) p={(u,v) € SxS:utu=v"tv}.
Here E(S) denotes the set of idempotent elements of
Remark 2.1. LetS be a paramedial AG-groupoid, and, g» € E(S). Then by paramedial
and medial law,

9192 = G191 - G292 = 9291 * 9291 = 9292 * G191 = G241

It follows thatE/(.S) is a semilattice.

The inverses in an inverse paramedial AG-grupoid are unique as proved in the following.

Remark 2.2. Let S be an inverse paramedial AG-groupoid, aed € V (u). Then
ua = (ub-u)a=au-ub (bytheleftinvertive law)
= bu-ua (bythe paramedial property)
= (ua-u)b=ub (bythe leftinvertive law)
=ua = ub. (2. 2)
Thus
a = au-a=(au(au-a)) (by medial law)
( ua) (by medial law)
( ub) (by2.2)
(b-au)(ua) (by paramedial property)
(b-au)(ub) (by2.2)
= (bu)(au-b) (by medial law)
(bu)(bu - a) (by left invertive law)
(b-bu)(ua) (by medial law)
(b-bu)(ub) (by2.2)
( ) (by medial law)

=a = b
It follows that| V'(u) |= 1, and the inverse af € S is unique. We shall denote it by L.

Theorem 2.3. Let S be a paramedial AG-groupoid an#(S) # (. Then the relatiom
defined onS' in Sectior2 Part (1) is a congruence relation of.
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Proof. Clearly, the relation is a reflexive and symmetric afi(.S) = . In order to prove
transitivity of  let unuv, vyw. Thenlu = lv,mv = mw for somel, m € E(S). Now by
the left invertive, paramedial, medial laws and the assumption, we have

(Imu=>U-mu=um-ll = Im-lu=Im-lv=
=ll-mv=Umw=wl-ml = wm-ll=wm-l=1Im-w.

Thusim - u = Ilm - w. Sincelm € E(S), sounw equivalentlyn is transitive. Thug, is an
equivalence relation. Now letyv, w € S. Thenlu = [v for somel € E(S), and

luww) =1l -vw=lu-lw=1v-lw=I1-vw=l(vw) = vwnuw.

Similarly, wunwv. Thusy is compatible and hence is a congruenceSoiience the result
proved. d

Theorem 2.4. Let S be a paramedial AG-groupoid. Then the relatiemefined onS with
pw={(u,v) €S xS: zu=av,VreS}

is a congruence relation ofl.
The following result holds for a more general class of inverse paramedial AG-groupoid.

Theorem 2.5. Let S be an inverse AG-groupoid. Then the relatjpdefined onS with
p={(u,v) €SxS: ulu= vilv} (2.3)
is a congruence relation of.

Proof. Clearly, p is an equivalence relation. Now for left compatibility, ketv,w € S
such thatupv. Then we have

(wu) ™ (wu) =

= (wu) " (wu)
Similarly, vwpvw. Hencep is compatible. Thug is a congruence relation. O

Example 2.6. Consider Exampl€1.2), then the relatiorp defined in Equatior{2.3) is
given as under,

p = {(1,1),(1,2),(1,3),(1,4), (2
(3,1),(3,2),(3,3),(3,4)(4,1

is a congruence relation.

Similarly, for Table2 of an AG-groupoid S, -) the p defined in Equationi2.3) as under
is a congruence relation ah

p = {(1’1)7 (272)’ (3a3)7 (474)5 (575)}



A Study of Completely Inverse Paramedial AG-Groupoids 23

1 2 3 45
1/1 3 2 5 4
2/4 5 3 1 2
3/5 2 4 3 1
413 4 1 2 5
5/2 1 5 4 3

Table 2

3. NATURAL PARTIAL ORDER

Here we discuss natural partial relation on an inverse paramedial AG-grofipaid
investigate some of its properties. We start with the following theorem.

Theorem 3.1. Let.S be an inverse paramedial AG-groupoid. Then the relatign
u<veu=uut v (3. 4)
is a partial order relation and is compatible of.

Proof. The relation< is clearly reflexive as' is inverse paramedial AG-groupoid.
< is anti-symmetricAssume that, < v andv < u, thenu = vu~'-vandv = vvo ! -u.
Thus by assumption, left invertive, paramedial and medial laws,

1

u=wu v = ((wu™ v)u (vt w)

= (uwlvouu (vt w)
= (wtv-vv Y (uut )
= (wlv-vu Y (uut )
= (v 'v-uu)(vumt - w)
= (v 'v-uu ) (uut )
= (v -uu)(u

1

w-uu ) (v

uv

(
(
(
(
(
(
(
(
(wv™")

(v 1)

uu~
uu~

Thusu = v. Hence< is anti-symmetric.
< is transitive: To this end, assume that< v andv < w this gives that

u o= uuTl-w (3.5)
and v = vl w (3. 6)
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Now, using Equation$3.5) and(3.6), left invertive law, medial law, paramedial law and
reflexive property, we have

u = wutv=(uu ) (vl w)

|
g
S
S

= uu
=u < w.

Equivalently,< is transitive, and thus the relatiehis a partial order ors.
Next, for left compatibility, assume that< v andw € S. Then

w)(uu™t - v)

~H(wo)

“Hww

wu=wuu ' -v) = (ww

ww U

(ww™" -
(ww™" - uu
= (wu-w lu
(wu - (wu) ™ Hwv = wu < wo.

Hence the relatior is left compatible. Further,

uw = (vu™t - v)w = (uut - v) (ww ™ - w)
= (wu'ww ) (vw)
= (uw-utw H)ow
= (vw- (vw) How = vw < vw.
Thus the relatiorx< is right compatible, and whence is compatible. O

It is illustrated in the following that the relatiod defined on an inverse paramedial
AG-grupoid is a compatible partial order.

Example 3.2. See Example (1.2), the partial order as defined with ( 3. 4 ) and given
below, is a compatible partial order on AG-groupasd

<= {(1’ 1)7 (27 2)7 (37 3)7 (474)}

Corollary 3.3. LetS be an inverse paramedial AG-groupoid angy € S. Thenu < v &

wut =vu~h
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Proof. Letu < v. Then

wu™t - w)u”

(
(

1

(By Theorem 3.1)

(
[(wu™")(vo™' - v)]u™"  (By Theorem 3.1)
= [(w-ov ") (u'u)]u") (By bi-commutative)
(u™t - utu)(v-vv™t)  (By left invertive law)
(v~ -v) (v u-uwt)  ((By bi-commutative))
—1

= wu (By Theorem 3.1)

Conversely, leis,v € S. Then

wu! = put :>uu*1 cu=vu"t = w=uu""- .

Thusu < v. Hence the result is proved. O

In inverse AG-groupoidiu~! andu~!'u are not necessarily idempotent as shown in
Table 3 and Table.4

P WwWh N

A WN P *
R R NN~
T NN N NN
WE WN BN
N AN KA
AWN P
AN P ®WN
wWER N A

Table

In the above Table 35, ) is an inverse AG-groupoid such that the inverses, af 3, 4
are4, 2,3, 1 respectively. Clearlyl x4) * (1% 4) # 1x4. Similarly, (S, -) in Table 4 is an
inverse AG-groupoid such that the inversed (i, 3,4 are4, 3,2, 1 respectively. Clearly,
(1-2)-(1-2) # 1-2. However, in completely inverse AG-groupaig—! andu~'u are
idempotents, which is proved in Lemma 4.1.

4. NORMAL CONGRUENCE PAIR

Let S denotes a completely inverse paramedial AG-grupoid in which in which we have

wu~! = w~lu or equivalentlyuu~t,u~'u € E(S) holds for eachu € S. Then the
following lemma holds.

Lemma 4.1. Let S be an inverse paramedial AG-groupoid& S. Then

wut umtu € B(S) & uwut = u .

Proof. Letuu~! = v~ 1u. Then
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Conversely, letu™!, u=1u € E(S). Then
1 -1 —1

uu = uu - uu
= (uu™t - uuHuu?
= ((wu™-u Hu)uut
= (uwu™tu)(uutumh)
= (v tu)(uut - uuh)
= (v 'u)((uu™t - u"Hu)
= (uw'u)((wu™-u

(

—

<

|

—

S
N N NG N NG N
AN N N N /N /N /N

= (') (vut - u )
= (v ') ((u ru-u )
= (v tu)(utu

u .

Hence the lemma is proved.

The following is a consequence of Theorem (3.1)

Corollary 4.2. LetS be a completely inverse paramedial AG-groupoid and € S. Then

u<v<e (g€ B(S))u=gv.

Proof. Let u,v € S. Thenu < v if and only if, u = uu™! - v. Sinceuu™' € E(S),

therefore ifg = uu~! thenu = gv.

Conversely, let,,v € S be such thay € E(S) andu = gv. Sincevu ! = u=tu € E(9)

andE(S) is a semi-lattice, we have

-1

wu” v = (gu-guvT v
= (gv-gv (v -0)
= (gv-vo ) (gv™" - 0)
= ((vo™!-v)g)(vv
= (vg)(vv™!-g)
= (99)(vv™" -0)
= gv:>uu_1 v
= U.
Thus for eachu, v, 2,y € S, we haveru < zv = uz < vz and sou < v. O

Lemma 4.3. Let (5, -, <) be a separative order inverse paramedial AG-groupoid. Then

for eachu, v, x,y € S we have,

1) zu < zv & uxr < vz,
(2) 2%u < z%v < zu < 2v.

Proof. Letu,v € S. Then
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(1) zu < zv. Sincexu - zu < xv - zu, We have

zu<zv = zTU-TU< TV -TU

¢4y

Also

xu < U

A

Tu-xv < TV -
U T < VU -

VT U < VLT -

uu - rxxr < Uv - TT
ur - uxr < UV - TT
(ux)? < uz - va. 4.7

v

Trx

vTr

ve - uz < (vr)? (4. 8)

Similarly, zu < 2v = (ur)? < vz - ux andux - ve < (vz)?. Henceur < vz.

(2) 22u < z?v. Sincex?u - u < z?v - u, we have

x2u§x2v:>x2u~u§x2v~u

Also

x2u§x2v2>x2u-v§x2v-v

G4l

=
=
=

uu~x2§uv~x

2

ux - ur < ux - vr

(ur)? < ux - v, 4.9
vu - 2 <ov- 2
v - uxr < VX - VT
v - ux < (vr)? (4. 10)

Similarly, z?u < 2?v = (uz)? < v - uz andux

and by Part (1xu < zwv.

The following definitions are introduced in [3].

-vx < (vr)?. Henceur < vx

O

Definition 4.4. Let K be a subset of a completely inverse AG-groupgidhen

1) Kisfull,if E(S) C K;

(2) K isself-conjugateif u=!(Ku) C K, for everyu € K;
(3) Kisinverse closefif u € K = u~! € K;
(4) K isnormal, if K is full, self-conjugate and inverse closed,;

(5) Letp be the congruence relation ¢has defined in Theorem (2.5). Then restriction

p |Es) is thetrace of p to be denoted bir p;

(6) The setterp = {u € S| (3g € E(S)) upg}.

Example 4.5. Let S = {w, z,y, z}. Then(S, x) with the Table 5 is an inverse paramedial
AG-groupoid such that each element is its own inverse. Clerly; {w, z} is normal in

S.
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*lw x y z
wlw x y z
X|x w z y
ylz y w x
zZ|y z x w
Table 5

Lemma 4.6. Let p be a congruence relation ofi. Thenkerp is a normal subgroupoid of
S.

Proof. Sincep is a congruence relation of, so for anyu,v € kerp there existd, m €

E(S) such thatupl, vpm. Now uvplm, clearlylm € E(S). Souv € kerp, hencekerp

is a subgroupoid ob. Clearly, kerp is full. Now, letu € S. Thenu=!(kerp - u) =

{u™'(vu) | v € kerp}. Sincev € kerp so there existsn € E(S) such thatvpm so,
1

u™(vu)pu~t(mu). Thus

ut(mu) =

Sinceutu-m € E(S) sout(vu) € kerp. Henceu™!(kerpu) C kerp, and thuscerp
is self-conjugate subgroupoid 6f Also if u € kerp thenupm for somem € E(S) and
u"tpm~! = m. Henceu™! € kerp, andkerp is inverse closed. Thukerp is normal
subgroupoid of5. O

Definition 4.7. [8] Let K be a normal subgroupoid &f andr be a congruence on semi-
lattice E(.S) such that,

lue Kltulu=uekK, (4. 112)

for everyu € S andl € E(S). Then the pai( K, ) is a congruence pair fof.
In this case, we define a relatigng ) on S by

up(K,7)v < u turv o, uv" vt € K.

Lemma 4.8. For a congruence paifK, ) for S, we have
l(uwv) € K, ltu™'u = uwv € K

for anyu,v € S,1 € E(S).
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Proof. Let u,v € S,l € E(S),l(uv) € K andlru~'u. Then using the paramedial,

medial, left invertive laws and definition of inverse AG-groupoid

l-ww = ll-uv

Il
<
=3
I
=

I
~ o~~~ —~ o~
o
~
—
<
<
—_
<
~

and

(o) H(w) = (uv)(uv)

= (v tu)(v )Tl (v ).

By above and (4. 11), we have € K. O

Definition 4.9. [4] Let K be a full subgroupoid of andr a congruence ot (.S) and <
be the relation as defined in Theorem (3.1) and satisfying the following condition:

(1) Porallu € S,v € K,v <wuanduu~trvv~! implyu € K.
We call(K, 7) a pseudo normal congruence pair f8r If, in addition,

(2) Foreveryu € K, there existy € S withv < u,uu"'7vv~t andv™! € K,
then(K, 7) is called normal congruence pair fcf.

For pseudo normal congruence pdiK, 7), we define a relatiory k- as follows:

UP(K,7)V & whu o, ou v e e K uut oo truw brow L (4. 12)

Lemma 4.10. Let (K, 7) be a pseudo normal congruence pairfu, v € S. If up g v
andv € K, thenu € K.

Proof. Sinceup(K, 7)v, so we havew=! € K anduu=! - vo~!7vv~1. Sincev € K and
K is full subgroupoid, saw ="' - v = vv~! - u € K. We have to prove thatv~! - v < u.
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Here

(vt -v)(uwv™t-v) Hu =

Il
To oo
S
<
<

I
<
5
—
<
S
<

Il Il
< I
IS S
L
— —
| 8 [
4 <
< <
S oS =

I
—~ o~~~
N
-
I e
£
S
R
~—
<

Hence, by ( 3. 4), it follows thatv=! - v < w.

Also
(wo™ ) (wwv)Th = (wot o) (uT e o)
= (wt-utv)ow!
= (wut-vtw)ow!
= (wt-v ) uu?
= ot uu truut
Hence by Definition (4.9(i)) it follows that € K. |

Theorem 4.11. Let (K, 7) be a pseudo normal congruence pair f8r Thenp k. is a
congruence ory with

kerpir,r = {u EK|(Fves),v<uuutrovt vl e K} (4. 13)

Proof. Let p(k ), be a pseudo normal congruence pair $oas given in (4. 12) and
p = p(k,r)- Firstwe show thap is compatible, for this assumguv andw € S. Then

uw - (vw) ' =uww - v Mt =wwTt - ww € K- E(S) C K,

By Definition (4.9), forpseudanormalcongruencepair and K is full. So,uw - (vw)~! €
K. Similarly, (vw) =1 - vw, (vw) =1 - vw,vw - (uw)~! € K.
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Next,
(uw - (vw) ™ H((vw) ™ vw) = (uw - (vw) ™) ((uw) ™t - vw)
= (uw-v 'w Hw w - ow)
= (w - ww Hu v w w)
= (w v ) (ww Tt w T w)
= (w v ) (ww Tt wwh)
= (wu ') (ww Tt ww™h)
= (uwu' v )ww runTt - ww ™t
(

(uw - (vw) ™ H((vw)™ - vw) T
By symmetry, it follows that
(uw - (uw) ) ((vw) ™' -ow) T (vw - (vw)7h).

Henceuwpvw. Thusp is right compatible, similarlyp is left compatible, thug is com-
patible.

Now, we have to show thatis an equivalence. Sindg is full, sop is reflexive. Obviously,

p is symmetric. For transitivity, letpv, vpw. Then by right compatibilityuw ="' pvw=!
andvw~tpww=!, sinceww=t € E(S) C K, andvw lpww!, sovw™! € K (by
Lemma (4.10)). Againiw~'pvw~! so again by Lemma (4.10)w~! € K. Similarly,
wu"tpvut vupwu! = wut € K (by Lemma (4.10)).

Similarly, by left compatibilitywpv, vpw impliesu ™ upu='v andu™ vpu= w, andw = vpw 1w
so again by Lemma (4.10), we have'w, w='u € K.

Also upv, vpw yields

u - vvilTuuflTvvfl, v - ww trov trww

and by transitivity it follows thatiu = 7ww=1. Moreover,

(vt - ww D™t ww™) = (vt ue ) (ww ™t ww ™)
= (vt w Hww truwt - ww ™t
also
(vt ww D wut ww™) = (vt ue ) (ww ™t ww ™)
= (vt uw Hww trov™ - ww trww

Whenceupu™ ! - ww trww .

Now, uw ™!, u " tw,wu=t w™tu € K,uu™! - ww 'ruu"trww™! is equivalent to
upw. Hencep is transitive relation and so is a congruence. O

5. CONCLUSIONS

In this article, the concept of inverse AG-groupoid [4, 7] is extended to paramedial
AG-groupoid S that satisfies the paramedial laww - wxr = xv - wu, and various of
its properties are investigated. It is proved that inverses in an inverse paramedial AG-
groupoid are unigue. Congruences, partial order, and compatible partial orders for inverse
paramedial AG-groupoid are introduced and investigated. This idea is further proceeded
to completely inverse paramedial AG-groupoids. Various notions for completely inverse
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paramedial AG-groupoids are defined and investigated. Furthermore, some congruences on
completely inverse paramedial AG-groupoids are introduced and characterized. The con-
cept of separative ordered and completely separative, normal sub-groupoid, pseudo normal
congruence pair, and normal congruence pair for the class of completely inverse parame-
dial AG-groupoids are also introduced and investigated. Various examples are provided for
justification of the produced results.

AUTHOR CONTRIBUTIONS

M. Rashad and I. Ahmad developed the theoretical formalism, gave the examples. F.
Karaaslan contributed to the final version of the manuscript.

ACKNOWLEDGMENT

This work is financially supported by the Higher Education Commission, Pakistan (HEC)
under the project NRPU-3509.

REFERENCES

[1] I. Ahmad, A. Ullah , M. ShahFFuzzy AG-subgroupsife Science Journa,No. 4 (2012) 3931-3936.

[17] 1. Ahmad, Iftikhar Ahmad and M. Rashad, Study of anti-commutativity in AG-groupojd&unjab Univ. J.
Math. 48, No. 4(2016) 99-109.

[2] M. Bozinovic, P.V. Protic, N. Stevanovid he natural partial order on the Abel-Grassmann’s-groupgids
Filomat10, (1996) 107-116.

[3] M. Bozinovic, P.V. Protic, N. Stevanovi&ernel normal system of inverse AGgroupoid Quasigroups and
related systemi7, (2008) 1-8.

[4] W.A. Dudek, R.S. Gigon, Congruences on completly inverse AEgroupoid Quasigroups and related
system20, (2012) 203-209.

[5] F. Hayat,Some basic properties of soft intersection AG-grolyp#hil thesis, Department of Mathematics,
University of Malakand 2016.

[18] M.Khan, I. Ahmad, M. Igbal, M. Rashad and Amanull&hStudy of Anti-rectangular AG-groupoidunjab
Univ. j. math.51),No. 12 (2019) 71-92.

[6] M. Kazim, M. NaseeruddinOn almost semigroupdlig. Bull. Math 2, (1972) 1-7.

[7] Q. Mushtaq, IgbalPartial ordering and congruences on LA-semigroiqmian J. Pure App. Matt22, No.
4(1991) 331-336.

[8] P.V. Protic, M. Bozinovic Some congruences on &G **-groupoid Filomat9, No. 4 (1995) 879-886.

[9] Protic P.V.Congruences on an inverse AGgroupoid via the natural partial ordeiQuasigroups and related
systeml7,(2009) 283-290.

[10] M. Rashad, Investigation and classification of some new classes of AG-groupoids, Ph.D. thesis, Department
of Mathematics, University of Malakand Chakdara Dir (2)15.

[11] M. Rashad, A. Ullah, I. Ahmadylodulo matrix AG-groupoids and modulo AG-groupgehran University
Research Journal of Engineering Technol8§yNo. 1 (2016) 63-70.

[19] M. Rashad and I. Ahmad\ note on unar LA-semigroypunjab Univ. j. math50, No.3 (2018) 113-121.

[20] M. Rashad, I. Ahmad, Amanullah and M. Sh&hStudy on Cheban Abel-Grassmann’s GroupoRisjab
Univ. j. math.51, No. 2(2019) 79-90.

[12] M. ShahA theoretical and computational investigation of AG-groupisD thesis, Quaid-i-Azam University
Islamabad, Pakistan (2012).

[13] A. Ullah, M. Rashad, I. Ahmad, Shah Mdn modulo AG-groupoidslournal of Advances in Mathematics
(JAM) 8,No. 3 (2014) 1606-1613.

[14] A. Ullah, I. Ahmad, M. ShahQn the equal-height elements of fuzzy AG-subgroLifis Science Journal,
10, No. 4(2013) 3143-3146.

[15] A. Ullah, Fuzzy AG-subgroup®hD thesis, Department of Mathematics, University of Malakzinib.



A Study of Completely Inverse Paramedial AG-Groupoids 33

[16] A. Ullah, M. Rashad, I. AhmadAbel-Grassmann groupoids of modulo matrickkehran University Re-
search Journal of Engineering and Technol&jy,No. 1 (2016) 63-70.

[21] F. Yousafzai, M. Khan, K. P. Shum and K. Hil&ongruences Induced by Certain Relations on AG**-
groupoids U.P.B. Sci. Bull., Series A82, No. 2 (2020) 83-100.



