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1. INTRODUCTION

The theory of affine configuration chain complexes is important for algebraic K-theory
and algebraic geometry, first introduced by Suslin [23]. Afterwards, this theory was more
developed by Khalid et al. [14, 15] and it has found many applications in different fields
such as quantum physics, K-group theory, geometry and manifold theory. Initially, Poly-
logarithmic function

Lip(z) =
∞∑

n=1

zn

np
, z ≤ 1

was introduced by Leibniz with formulalog(xy)− log(x)− log(y) = 0. Bloch introduced
weight 1 poly-logarithmic groupsB1(F ) by taking quotient of Z-moduleZ[P1

F /{0, 1,∞}]
and subgroup of Z-module, generated by the three term relation[x] + [y]− [xy] [1]. Bloch
also defined di-logarithmic groupB2(F ) as the quotient ofZ[P1

F /{0, 1,∞}] by the sub-
group generated by the five term relation cross ratio of four points

∑4
i=0(−1)ir(v0, ..., v̂i,
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..., v4). Goncharov [6–9] defined classical polylog group for weight 3 and then he gener-
alized Bloch group for weightn to define his own classical polylogarithmic generalized
chain complex.
Goncharov [7] proposed the geometry of Bloch Suslin polylogarithmic and configuration
chain complexes for weight 2. Goncharov also introduced geometry between configuration
and classical polylogarithmic chain complexes for weightn = 3. Khalid et al. [12–19]
not only redefine geometry for weight 2 and 3 but also generalize geometry for any weight
n ∈ N. Cathelineau [2–4] used derivation to introduce variant of Goncharov polylog chain
complex in two different ways, first one was infinitesimal while other was tangential set-
ting. Siddiqui [21] defined cross ratio of four points and the Siegels cross ratio property
in tangential form and connected affine configuration and first order tangential chain com-
plexes up to weight 3. Hussain [11] defined second order tangent group and introduced
geometry for weight 2 and 3. Khalid et al. [20] extended the work of Siddiqui to define
geometry between tangential and affine configuration chain complexes up to weight 5.
Present research work aims to extend the work of Khalid et al. [20] to propose general-
ized geometry between affine configuration and tangent group chain complexes. Section
2 is about background and basic ideas of affine configuration chain complexes, truncated
polynomial and its rings, cross ratio and duel numbers cross ratio, classical polylogarith-
mic groups and its complexes, Tangent group and its generalized chain complex, geometry
tangential and affine configuration chain complexes for weight 2 up to weigh 5. Section 3
describes the geometry of tangential and affine configuration complexes for weight 5 and
last part of section 3 is generalization of the previous work. Section 4 is conclusion of the
whole research work.

2. BACKGROUND & L ITERATURE REVIEW

2.1. Configuration Spaces and its Chain Complex.Let us assume that the general linear
group of ordern is denoted byGLn(F ), it is acting diagonally on some setV n. The group
action ofGLn(F ) ∗ V n = V n produce(v0, ..., vn) elements [21]. These elements are
called configurations of an n-dimensional vector spaceV n defined over number fieldF .
Let us consider a free abelian groupGn(V ) generated by the projective configuration of
(v1, ..., vn) points. Following maps are two types of differential morphism, first one isd
defined as

d(v0, ..., vn) →
n∑

i

(−1)i(v0, ..., v̂i, ..., vn), (2.1)

v̂i is a leaving out element and other differential mapp is defined as

p(v0, . . . , vn) →
n∑

i

(−1)i(vi|v0, . . . , v̂i, . . . , vn) (2.2)
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In [23] free abelian groups are connected using morphisms to get following configuration
chain complex

Gm+4(n + 4) d //

p

²²

Gm+3(n + 4) d //

p

²²

Gm+2(n + 4)

p

²²
Gm+3(n + 3) d // Gm+2(n + 3) d // Gm+1(n + 3)

(A)

The chain complex is a bi-complex and each square in this chain is commutative (see [23]).

2.2. Affine Configuration Spaces.Assume that F is a field with characteristic 0 and the
ring of kth truncated polynomial is denoted byF [ε]k := F [ε]/εk, k ≥ 1. Affine space
An

F [ε]n
is a space defined over the truncated polynomialF [ε]n.

Let v = (c1, c2, c3, ..., cn)t ∈ An
F \(0, 0, 0, ..., 0)t andvε = (c1,ε, ..., cn,ε)t ∈ An

F also
vεn = (c1,εk−1 , c2,εk−1 , c3,εk−1 , ..., cn,εk−1)t ∈ An

F [11]. Assume that a free abelian
Gm(An

F [ε]k
) generated by vectors(v∗1 , ..., v∗m) in affine space(An

F [ε]k
) [11] such that the

vectors are defined asv∗ = v + vεε + ... + vεk−1εk−1. Now we define the following
boundary differential maps

d : Gm(An
F [ε]k

) → Gm−1(An
F [ε]k

)

and

p : Gm(An
F [ε]k

) → Gm−1(An−1
F [ε]k

),

by using above two maps following generalized affine configuration chain complex is con-
structed.

Gm(An
F [ε]k

) d //

p

²²

Gm−1(An
F [ε]k

) d //

p

²²

Gm−2(An
F [ε]k

)

p

²²
Gm−1(An−1

F [ε]k
) d // Gm−2(An−1

F [ε]k
) d // Gm−3(An−1

F [ε]k
)

: (B)

2.3. Cross Ratio and Siegel Cross Ratio Property of Four Points.Let (v0, ..., v3) are
four points then its cross ratio is defined as

r(v0, v1, v2, v3) =
4(v0, v3)4(v1, v2)
4(v0, v2)4(v1, v3)

where(v0, ..., v3) ∈ A2
F . Siegel [22] defined the following property of cross ratio

1 =
4(v0, v3)4(v1, v2)
4(v0, v2)4(v1, v3)

+
4(v0, v1)4(v2, v3)
4(v0, v2)4(v1, v3)

. (2.3)

2.3.1. Cross Ratio in a Polynomial RingF [ε]k. First we introduce the following cases

Case 1 : k=1 and n=2,

4(v∗1 , v∗2) = 4(v∗1 , v∗2)ε0 = 4(v1, v2)
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Case 2 : k =2 and n=2,

4(v∗1 , v∗2) = 4(v∗1 , v∗2)ε0 +4(v∗1 , v∗2)ε1ε

4(v∗1 , v∗2)ε1 = 4(v1, v2,ε) +4(v1,ε, v2)

Case 3 : k=3 and n=2,

4(v∗1 , v∗2) = 4(v∗1 , v∗2)ε0 +4(v∗1 , v∗2)ε1ε +4(v∗1 , v∗2)ε2ε2

where4(v∗1 , v∗2)ε2 = 4(v1, v2,ε2) +4(v1,ε, v2,ε) +4(v1,ε2 , v2).
From [21] and [11] following are cross ratio relations inF [ε]k

r(v∗0 , ..., v∗3) = (rε0 + rε1ε + ... + rεk−1εk−1)(v∗0 , ..., v∗3)

where

rε0(v∗0 , ..., v∗3) = r(v0, ..., v3) =
4(v0, v3)4(v1, v2)
4(v0, v2)4(v1, v3)

, (2.4)

rε1(v∗0 , ..., v∗3) =
{4(v∗0 , v∗3)4(v∗1 , v∗2)}ε

4(v0, v2)4(v1, v3)
− r(v0, ..., v3)

{4(v∗0 , v∗2)4(v∗1 , v∗3)}ε

4(v0, v2)4(v1, v3)
(2.5)

rε2(v∗0 , ..., v∗3) =
{4(v∗0 , v∗3)4(v∗1 , v∗2)}ε

4(v0, v2)4(v1, v3)
− r(v∗0 , ..., v∗3)

{4(v∗0 , v∗2)4(v∗1 , v∗3)}ε

4(v0, v2)4(v1, v3)
−

r(v0, ..., v3)
{4(v∗0 , v∗2)4(v∗1 , v∗3)}ε

4(v0, v2)4(v1, v3)
(2.6)

and so on up torεk−1 .

2.4. Classical Polylogarithmic Group Chain Complexes.Leibniz defined p-logarithm
function by an absolutely convergent series

Lip(z) =
∞∑

n=1

zn

np
, z ≤ 1.

Let Z[P1
F /{0, 1,∞}] be a free abelian group of Z-module generated by element [x] and

defined over doubly punctured set.

2.4.1. Scissor Congruence Group.The classical polylogarithmic groupB(F ) is a quotient

of Z[P1
F /{0, 1,∞}] by Abel relation[v1]− [v2]+

[v2

v1

]
−

[1− v−1
2

1− v−1
1

]
+

[1− v2

1− v1

]
, v1 6= v2

andv1, v2 6= 0, 1 [5,10].

2.4.2. Polylog Bloch Group for Weight-1.In [1] Bloch introduced a subgroupR1(F ) ⊂
Z[P1

F /{0, 1,∞}], generated by the relation{v1v2} − {v1} − {v2}, (v1, v2 ∈ F×). The

quotient groupB1(F ) = Z[P1
F /{0, 1,∞}]/

〈
R1(F )

〉
is called classical polylogarithmic

Bloch group for weightn = 1. Bloch also defined a morphismδ1 : B1(F ) → F×, defined
asδ1 : [v] → v. This morphism is also an isomorphism.
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2.4.3. Polylog Bloch Group for Weight 2 and Bloch Suslin Chain Complex.Let R2(F ) =
4∑

i=0

(−1)ir(v0, ..., v̂i, ..., v4) is a subset ofZ[P1
F /{0, 1,∞}], generated by five term re-

lation cross ratio of four points. This helped us to introduce weight 2 dilogarithm Bloch
groupB2(F ) = Z[P1

F /{0, 1,∞}]/〈R2(F )〉. We can now connectB2(F ) with ∧2F× to
get the Bloch Suslin chain complex as follows [1].

B2(F ) δ // ∧2F×

2.4.4. Goncharov Chain Complex for Weight-3.Goncharov [6–8,10] defined the following
subgroupR3(F ), generated by the relation of triple cross ratio:

R3(F ) =
6∑

i=0

(−1)iAlt6

[ (v0, v1, v3)(v1, v2, v4)(v0, v2, v5)
(v0, v1, v4)(v1, v2, v5)(v0, v2, v3)

]
. (2.7)

Goncharov [7] defined Bloch group for weight 3 as

B3(F ) = Z[P1
F /{0, 1,∞}]/〈R3(F )〉.

Following is a chain complex for weight3

B3(F ) δ // B2(F )⊗ F× δ // ∧3F×.

Lemma 2.5. δ ◦ δ = 0 (see [7]).

2.5.1. Weight-n.Goncharov [7] extended his work and defined generalized Bloch group

Bn(F ) = Z[P1
F /{0, 1,∞}]/

〈
Rn(F )

〉
, whereRn(F )is a subgroup ofZ[P1

F ] and it is the

kernel of the mapδn : Z[P1
F /{0, 1,∞}] → Bn−1(F ) ⊗ F×. Following is generalized

polylogarithm chain complex called Goncharov chain complex.

Bn(F )
δn−−→ Bn−1(F )⊗F×

δn−1−−−−→ Bn−2(F )⊗∧2(F )
δn−2−−−−→ . . .

δ2−−→ B2(F )⊗∧n−2(F )
δ1−−→ ∧n(F×).

(2.8)

Lemma 2.6. δn−1 ◦ δn = 0 (see [7]).

2.7. Generalized Tangent Group & Tangential Chain Complex.

2.7.1. Tangent Group of First Order.Let x andx
′ ∈ F and

〈
x; x

′
]
2

= [x + x
′
ε]− [x] ∈

Z[F [ε]]2 [11, 21]. Initially, Cathelineau [4] introduced first order tangent groupTB2(F ).
This group is a quotient of Z-module generated by the elements

〈
x; x

′
]
2
∈ Z[F [ε]]2 and

the following five term relation

〈
x;x

′]−
〈
y; y

′]
+

〈y

x
;
(y

x

)′]
−

〈1− y

1− x
;
(1− y

1− x

)′]
+

〈x(1− y)
y(1− x)

;
(x(1− y)

y(1− x)

)′]
,

x 6= y andx, y 6= 0, 1 [4,11].
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2.7.2. Tangential Chain Complex to Bloch Suslin Complex for Weight 2.In [4] for weight
2, Cathelineau defined the following tangential chain complex

TB2(F )
δε // F ⊗ F× ⊕ ∧2F×,

where

δε :
〈
x, y

]
2

=
(y

x
⊗ (1− x) +

y

(1− x)
⊗ x

)
+

( y

(1− x)
∧ y

x

)
,

see [4,21].

2.7.3. Tangential Chain Complex to Goncharov chain complex for Weight 3.Cathelineau
[4] also defined tangent group of order 3,TB3(F ) = Z[F [ε]2]/ker3, ker3 is the kernel of
the mapδε3 = Z[F [ε]2] → TB2(F ) ⊗ F× ⊕ F ⊗ B2(F ), then he defined the tangential
chain complex to Goncharov complex for weightn = 3 as

TB3(F )
δε // TB2(F )⊗ F× ⊕ F ⊗ B2(F )

δε // F ⊗ ∧2F× ⊕ ∧3F×.

2.7.4. Generalized Tangential Chain Complex.Cathelineau [4] generalized tangent group
TBn(F ) and then generalized the tangential chain complex to generalized Goncharov
chain complex for any weightn as

TBn(F )
δn,ε−−→TBn−1(F )⊗F×

⊕
F⊗Bn−1(F )

δ(n−1),ε−−−−−→· · · δ1,ε−−→ TB2(F )⊗∧n−2F×
⊕

F⊗B2(F )⊗∧n−3F×
δε−→ (F⊗∧n−1F×)⊕(∧nF )

whereδ(n−1),ε ◦ δn,ε = 0 (see [4]).

2.8. Tangential and Affine Configuration Geometry up to Weight 5.

2.8.1. Weight 2 Geometry.Siddiqui in [21] defined the following geometry of affine con-
figuration and tangential chain complexes for weight-2.

G5(3)
p //

d

²²

G4(2)
g2
1,ε //

d

²²

TB2(F )

δε

²²
G4(3)

p // G3(2)
g2
0,ε // F ⊗ F× ⊕ ∧2F×.

(C)

The spacesG3(2) andG2(2) used in diagram (C) are example of Euclidean space of di-
mension 3 and 2.

Lemma 2.9. g2
0ε ◦ d = δε ◦ g2

1ε (see[21]).

2.9.1. Weight 3 Geometry.The geometry of for weight 3 is defined in [21] as follows:

G7(3) d //

p

²²

G6(3)

p

²²
G6(2) d //

p

²²

G5(2)
g3
1,ε //

p

²²

TB2(F )⊗ F× ⊕ F ⊗ B2(F )

δε

²²
G5(1) d // G4(1)

g3
0,ε // F ⊗ ∧2F× ⊕ ∧3F×.

(D)
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Lemma 2.10. g3
0ε ◦ d = δε ◦ g3

1ε (see[21]).

2.10.1. Weight 4 Geometry.Khalid et al. [20] defined geometry for weight 4 as follows

G7(A5
F [ε]r

) p //

d

²²

G6(A4
F [ε]2

)
g4
1,ε //

d

²²

TB2(F )⊗ ∧2F× ⊕ F ⊗ B2(F )⊗ F×

δε

²²
G6(A5

F [ε]r
) p // G5(A4

F [ε]2
)

g4
0,ε // F ⊗ ∧3F× ⊕ ∧4F×

(E)

where,g4
0ε(v

∗
0 , ..., v∗4) = g4

01
(v∗0 , ..., v∗4) + g4

02
(v∗0 , ..., v∗4),

g4
01

(v∗0 , ..., v∗4) =
4∑

i=j+1

(−1)i+14(v∗0 , ..., v̂∗i, ..., v
∗
4)ε

4(v0, ..., v̂i, ..., v4)
⊗ 4(v0, ..., v̂i+1, ..., v4)
4(v0, ..., v̂i+2, ..., v4)

∧

4(v0, ..., v̂i+2, ..., v4)
4(v0, ..., v̂i+3, ..., v4)

∧ 4(v0, ..., v̂i+3, ..., v4)
4(v0, ..., v̂i+4, ..., v4)

(i mod 5), (2.9)

g4
02

(v∗0 , ..., v∗4) =
4∑

j=0

(−1)j+1
4∧

j 6=i
j=0

4(v∗0 , ..., v̂∗j , ..., v
∗
4)ε

4(v0, ..., v̂j , ..., v4)
(i mod 5) (2.10)

and

g4
1ε(v

∗
0 , ..., v∗5) = − 1

10

5∑

i 6=j

(−1)i
(〈

r(vi, vj |v0, ..., v̂i, v̂j , ..., v5);

rε(v∗i , v∗j |v∗0 , ..., v̂∗i, v̂∗j , ..., v
∗
5)

]
2
⊗

5∏

i6=r

4(v0, ..., v̂i, v̂r, ..., v5)∧

5∏

j 6=r

4(v0, ..., v̂j , v̂r, ..., v5)+

5∑

i6=r
i=0

4(v∗0 , ..., v̂∗i, v̂∗r, ..., v
∗
5)ε

4(v0, ..., v̂i, v̂r, ..., v5)
⊗

[r(vi, vj |v0, ..., v̂i, v̂j , ..., v5)]2⊗
5∏

j 6=r

4(v0, ..., v̂j , v̂r, ..., v5)+

5∑

j 6=r
j=0

4(v∗0 , ..., v̂∗j , v̂∗r, ..., v
∗
5)ε

4(v0, ..., v̂j , v̂r, ..., v5)
⊗

[r(vi, vj |v0, ..., v̂i, v̂j , ..., v5)]2⊗
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5∏

i6=r

4(v0, ..., v̂i, v̂r, ..., v5)
)

(mod 6). (2.11)

Lemma 2.11. The above diagramE is commutative (see [20].)

2.11.1. Weight 5 Geometry.Khalid et al. [20] extended their work and defined geometry
for weight 5 as follows

G8(A6
F [ε]2

) p //

d

²²

G7(A5
F [ε]2

)
g5
1,ε //

d

²²

TB2(F )⊗ ∧3F× ⊕ F ⊗ B2(F )⊗ ∧2F×

δε

²²
G7(A6

F [ε]2
) p // G6(A5

F [ε]2
)

g5
0,ε // F ⊗ ∧4F× ⊕ ∧5F×

(F)

where,g5
0ε(v

∗
0 , ..., v∗5) = g5

01
(v∗0 , ..., v∗5) + g5

02
(v∗0 , ..., v∗5)

g5
01

(v∗0 , ..., v∗5) =
5∑

i=j+1

(−1)i+14(v∗0 , ..., v̂∗i, ..., v
∗
5)ε

4(v0, ..., v̂i, ..., v5)
⊗ 4(v0, ..., v̂i+1, ..., v5)
4(v0, ..., v̂i+2, ..., v5)

∧

4(v0, ..., v̂i+2, ..., v5)
4(v0, ..., v̂i+3, ..., v5)

∧ 4(v0, ..., v̂i+3, ..., v5)
4(v0, ..., v̂i+4, ..., v5)

∧
4(v0, ..., v̂i+4, ..., v5)
4(v0, ..., v̂i+5, ..., v5)

(i mod 6), (2.12)

g5
02

(v∗0 , ..., v∗5) =
5∑

j=0

(−1)j+1
5∧

j 6=i
j=0

4(v∗0 , ..., v̂∗j , ..., v
∗
5)ε

4(v0, ..., v̂j , ..., v5)
(i mod 6) (2.13)

and

g5
1ε(v

∗
0 , ..., v∗6) =

1
15

6∑

i6=j

(−1)i
(〈

r(vi, vj , vj |v0, ..., v̂i, v̂j , v̂k, ..., v6);

rε(v∗i , v∗j , v∗k|v∗0 , ..., v̂∗i, v̂∗j , v̂∗k, ..., v∗6)
]
2
⊗

6∏

i 6=r 6=s

4(v0, ..., v̂i, v̂r, v̂s, ..., v6)∧

6∏

j 6=r 6=s

4(v0, ..., v̂j , v̂r, v̂s, ..., v6)∧

6∏

k 6=r 6=s

4(v0, ..., v̂k, v̂r, v̂s, ..., v6)+

6∑

i 6=r 6=s
i=0

4(v∗0 , ..., v̂∗i, v̂∗r, v̂∗s, ..., v
∗
6)ε

4(v0, ..., v̂i, v̂r, v̂s, ..., v6)
⊗
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[r(vi, vj , vk|v0, ..., v̂i, v̂j , v̂k, ..., v6)]2⊗
6∏

j 6=r 6=s

4(v0, ..., v̂j , v̂r, v̂s, ..., v6)∧

6∏

k 6=r 6=s

4(v0, ..., v̂k, v̂r, v̂s, ..., v6)+

6∑

j 6=r 6=s
j=0

4(v∗0 , ..., v̂∗j , v̂∗r, v̂∗s, ..., v
∗
6)ε

4(v0, ..., v̂j , v̂r, v̂s, ..., v6)
⊗

[r(vi, vj , vk|v0, ..., v̂i, v̂j , v̂k, ..., v6)]2⊗
6∏

k 6=r 6=s

4(v0, ..., v̂k, v̂r, v̂s, ..., v6)∧

6∏

i 6=r 6=s

4(v0, ..., v̂i, v̂r, v̂s, ..., v6)+

6∑

k 6=r 6=s
k=0

4(v∗0 , ..., v̂∗k, v̂∗r, v̂∗s, ..., v
∗
6)ε

4(v0, ..., v̂k, v̂r, v̂s, ..., v6)
⊗

[r(vi, vj , vk|v0, ..., v̂i, v̂j , v̂k, ..., v6)]2⊗
6∏

i 6=r 6=s

4(v0, ..., v̂i, v̂r, v̂s, ..., v6)∧

6∏

j 6=r 6=s

4(v0, ..., v̂j , v̂r, v̂s, ..., v6) (mod 6). (2.14)

Lemma 2.12. The right square of diagramF is commutative (see [20].)

3. GEOMETRY FORWEIGHT n = 6 & GENERALIZATION

3.1. Geometry for Weight 6. For weight 6, we construct the following commutative dia-
gram

G9(A7
F [ε]2

) p //

d

²²

G8(A6
F [ε]2

)
g6
1,ε //

d

²²

TB2(F )⊗ ∧4F× ⊕ F ⊗ B2(F )⊗ ∧3F×

δε

²²
G8(A7

F [ε]2
) p // G7(A6

F [ε]2
)

g6
0,ε // F ⊗ ∧5F× ⊕ ∧6F×

(G)

where,g6
0ε(v

∗
0 , ..., v∗6) = g6

01
(v∗0 , ..., v∗6) + g6

02
(v∗0 , ..., v∗6),

g6
01

(v∗0 , ..., v∗6) =
6∑

i=j+1

(−1)i+14(v∗0 , ..., v̂∗i, ..., v
∗
6)ε

4(v0, ..., v̂i, ..., v6)
⊗ 4(v0, ..., v̂i+1, ..., v6)
4(v0, ..., v̂i+2, ..., v6)

∧
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4(v0, ..., v̂i+2, ..., v6)
4(v0, ..., v̂i+3, ..., v6)

∧ 4(v0, ..., v̂i+3, ..., v6)
4(v0, ..., v̂i+4, ..., v6)

∧
4(v0, ..., v̂i+4, ..., v6)
4(v0, ..., v̂i+5, ..., v6)

∧ 4(v0, ..., v̂i+5, ..., v6)
4(v0, ..., v̂i+6, ..., v6)

(i mod 7),

(3.15)

g6
02

(v∗0 , ..., v∗6) =
6∑

j=0

(−1)j+1
6∧

j 6=i
j=0

4(v∗0 , ..., v̂∗j , ..., v
∗
6)ε

4(v0, ..., v̂j , ..., v6)
(i mod 7) (3.16)

and

g6
1ε(v

∗
0 , ..., v∗7) = − 1

21

7∑

i 6=j

(−1)i
(〈

r(vi, vj , vk, vl|v0, ..., v̂i, v̂j , v̂k, v̂k, v̂l, ..., v7); rε(v∗i , v∗j ,

v∗k, v∗l |v∗0 , ..., v̂∗i, v̂∗j , v̂∗k, v̂∗l, ..., v
∗
7)

]
2
⊗

7∏

i 6=r 6=s 6=t

4(v0, ..., v̂i, v̂r, v̂s, v̂t, ..., v7)∧

7∏

j 6=r 6=s 6=t

4(v0, ..., v̂j , v̂r, v̂s, v̂t, ..., v7)∧

7∏

k 6=r 6=s 6=t

4(v0, ..., v̂k, v̂r, v̂s, v̂t, ..., v7)∧

7∏

l 6=r 6=s 6=t

4(v0, ..., v̂l, v̂r, v̂s, v̂t, ..., v7)+

7∑

i 6=r 6=s 6=t
i=0

4(v∗0 , ..., v̂∗i, v̂∗r, v̂∗s, v̂∗t, ..., v
∗
7)ε

4(v0, ..., v̂i, v̂r, v̂s, v̂t, ..., v7)
⊗

[r(vi, vj , vk, vl|v0, ..., v̂i, v̂j , v̂k, v̂l, ..., v7)]2⊗
7∏

j 6=r 6=s 6=t

4(v0, ..., v̂j , v̂r, v̂s, v̂t, ..., v7)∧

7∏

k 6=r 6=s 6=t

4(v0, ..., v̂k, v̂r, v̂s, v̂t, ..., v7)∧

7∏

l 6=r 6=s 6=t

4(v0, ..., v̂l, v̂r, v̂s, v̂t, ..., v7)+

7∑

j 6=r 6=s 6=t
j=0

4(v∗0 , ..., v̂∗j , v̂∗r, v̂∗s, v̂∗t, ..., v
∗
7)ε

4(v0, ..., v̂j , v̂r, v̂s, v̂t, ..., v7)
⊗
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[r(vi, vj , vk, vl|v0, ..., v̂i, v̂j , v̂k, v̂l, ..., v7)]2⊗
7∏

i 6=r 6=s 6=t

4(v0, ..., v̂i, v̂r, v̂s, v̂t, ..., v7)∧

7∏

k 6=r 6=s 6=t

4(v0, ..., v̂k, v̂r, v̂s, v̂t, ..., v7)∧

7∏

l 6=r 6=s 6=t

4(v0, ..., v̂l, v̂r, v̂s, v̂t, ..., v7)+

7∑

k 6=r 6=s 6=t
k=0

4(v∗0 , ..., v̂∗k, v̂∗r, v̂∗s, v̂∗t, ..., v
∗
7)ε

4(v0, ..., v̂k, v̂r, v̂s, v̂t, ..., v7)
⊗

[r(vi, vj , vk, vl|v0, ..., v̂i, v̂j , v̂k, v̂l, ..., v7)]2⊗
7∏

i 6=r 6=s 6=t

4(v0, ..., v̂i, v̂r, v̂s, v̂t, ..., v7)∧

7∏

j 6=r 6=s 6=t

4(v0, ..., v̂j , v̂r, v̂s, v̂t, ..., v7)∧

7∏

l 6=r 6=s 6=t

4(v0, ..., v̂l, v̂r, v̂s, v̂t, ..., v7)+

7∑

l 6=r 6=s 6=t
l=0

4(v∗0 , ..., v̂∗l, v̂∗r, v̂∗s, v̂∗t, ..., v
∗
7)ε

4(v0, ..., v̂l, v̂r, v̂s, v̂t, ..., v7)
⊗

[r(vi, vj , vk, vl|v0, ..., v̂i, v̂j , v̂k, v̂l, ..., v7)]2⊗
7∏

i 6=r 6=s 6=t

4(v0, ..., v̂i, v̂r, v̂s, v̂t, ..., v7)∧

7∏

j 6=r 6=s 6=t

4(v0, ..., v̂j , v̂r, v̂s, v̂t, ..., v7)∧

7∏

k 6=r 6=s 6=t

4(v0, ..., v̂k, v̂r, v̂s, v̂t, ..., v7) (mod 8).

(3.17)

Theorem 3.2. g6
0ε ◦ d = δε ◦ g6

1ε
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Proof. Proof of the above theorem is same as lemma (3.2) and lemma (3.4) of [20]. Let
(v∗0 , ..., v∗7) ∈ G8(A6

F [ε]2
) and apply morphismd, then we get

d(v∗0 , ..., v∗7) =
7∑

i=0

(−1)i(v∗0 , ..., v̂i, ..., v
∗
7)

Now compose morphismg6
01

with d(v∗0 , ..., v∗7) then

g6
01
◦ d(v∗0 , ..., v∗7) =

7−i∑

j=i+1

(−1)j
7∑

i=0

(−1)i4(v∗0 , ..., v̂∗j , v̂∗i, ..., v
∗
7)ε

4(v0, ..., v̂j , v̂i, ..., v7)
⊗

4(v0, ..., v̂j+1, v̂i, ..., v7)
4(v0, ..., v̂j+2, v̂i, ..., v7)

∧ 4(v0, ..., v̂j+2, v̂i, ..., v7)
4(v0, ..., v̂j+3, v̂i, ..., v7)

∧
4(v0, ..., v̂j+3, v̂i, ..., v7)
4(v0, ..., v̂j+4, v̂i, ..., v7)

∧ 4(v0, ..., v̂j+4, v̂i, ..., v7)
4(v0, ..., v̂j+5, v̂i, ..., v7)

∧
4(v0, ..., v̂j+5, v̂i, ..., v7)
4(v0, ..., v̂j+6, v̂i, ..., v7)

, (3.18)

now apply morphismg6
02

then

g6
02
◦ d(v∗0 , ..., v∗7) =

7−i∑

j=0

(−1)j+1
7∑

i=0

(−1)i
7∧

j 6=i
j=0

4(v∗0 , ..., v̂∗j , v̂∗i, ..., v
∗
7)ε

4(v0, ..., v̂j , v̂i, ..., v7).
(3.19)

As morphismg6
0ε = g6

01
+ g6

02
, therefore combine Eq.(3.18) and Eq.(3.19), we get

g6
0ε ◦ d(v∗0 , ..., v∗7) =

7−i∑

j=i+1

(−1)j
7∑

i=0

(−1)i4(v∗0 , ..., v̂∗j , v̂∗i, ..., v
∗
7)ε

4(v0, ..., v̂j , v̂i, ..., v7)
⊗

4(v0, ..., v̂j+1, v̂i, ..., v7)
4(v0, ..., v̂j+2, v̂i, ..., v7)

∧ 4(v0, ..., v̂j+2, v̂i, ..., v7)
4(v0, ..., v̂j+3, v̂i, ..., v7)

∧
4(v0, ..., v̂j+3, v̂i, ..., v7)
4(v0, ..., v̂j+4, v̂i, ..., v7)

∧ 4(v0, ..., v̂j+4, v̂i, ..., v7)
4(v0, ..., v̂j+5, v̂i, ..., v7)

∧
4(v0, ..., v̂j+5, v̂i, ..., v7)
4(v0, ..., v̂j+6, v̂i, ..., v7)

+

7−i∑

j=0

(−1)j+1
7∑

i=0

(−1)i
7∧

j 6=i
j=0

4(v∗0 , ..., v̂∗j , v̂∗i, ..., v
∗
7)ε

4(v0, ..., v̂j , v̂i, ..., v7).
(3.20)

Take again(v∗0 , ..., v∗7) ∈ G8(A6
F [ε]2

) and apply morphismg6
1ε, we get

g6
1ε(v

∗
0 , ..., v∗7) = − 1

21

7∑

i 6=j

(−1)i
(〈

r(vi, vj , vk, vl|v0, ..., v̂i, v̂j , v̂k, v̂k, v̂l, ..., v7);

rε(v∗i , v∗j , v∗k, v∗l |v∗0 , ..., v̂∗i, v̂∗j , v̂∗k, v̂∗l, ..., v
∗
7)

]
2
⊗
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7∏

i 6=r 6=s 6=t

4(v0, ..., v̂i, v̂r, v̂s, v̂t, ..., v7)∧

7∏

j 6=r 6=s 6=t

4(v0, ..., v̂j , v̂r, v̂s, v̂t, ..., v7)∧

7∏

k 6=r 6=s 6=t

4(v0, ..., v̂k, v̂r, v̂s, v̂t, ..., v7)∧

7∏

l 6=r 6=s 6=t

4(v0, ..., v̂l, v̂r, v̂s, v̂t, ..., v7)+

7∑

i 6=r 6=s 6=t
i=0

4(v∗0 , ..., v̂∗i, v̂∗r, v̂∗s, v̂∗t, ..., v
∗
7)ε

4(v0, ..., v̂i, v̂r, v̂s, v̂t, ..., v7)
⊗

[r(vi, vj , vk, vl|v0, ..., v̂i, v̂j , v̂k, v̂l, ..., v7)]2⊗
7∏

j 6=r 6=s 6=t

4(v0, ..., v̂j , v̂r, v̂s, v̂t, ..., v7)∧

7∏

k 6=r 6=s 6=t

4(v0, ..., v̂k, v̂r, v̂s, v̂t, ..., v7)∧

7∏

l 6=r 6=s 6=t

4(v0, ..., v̂l, v̂r, v̂s, v̂t, ..., v7)+

7∑

j 6=r 6=s 6=t
j=0

4(v∗0 , ..., v̂∗j , v̂∗r, v̂∗s, v̂∗t, ..., v
∗
7)ε

4(v0, ..., v̂j , v̂r, v̂s, v̂t, ..., v7)
⊗

[r(vi, vj , vk, vl|v0, ..., v̂i, v̂j , v̂k, v̂l, ..., v7)]2⊗
7∏

i 6=r 6=s 6=t

4(v0, ..., v̂i, v̂r, v̂s, v̂t, ..., v7)∧

7∏

k 6=r 6=s 6=t

4(v0, ..., v̂k, v̂r, v̂s, v̂t, ..., v7)∧

7∏

l 6=r 6=s 6=t

4(v0, ..., v̂l, v̂r, v̂s, v̂t, ..., v7)+

7∑

k 6=r 6=s 6=t
k=0

4(v∗0 , ..., v̂∗k, v̂∗r, v̂∗s, v̂∗t, ..., v
∗
7)ε

4(v0, ..., v̂k, v̂r, v̂s, v̂t, ..., v7)
⊗

[r(vi, vj , vk, vl|v0, ..., v̂i, v̂j , v̂k, v̂l, ..., v7)]2⊗
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7∏

i 6=r 6=s 6=t

4(v0, ..., v̂i, v̂r, v̂s, v̂t, ..., v7)∧

7∏

j 6=r 6=s 6=t

4(v0, ..., v̂j , v̂r, v̂s, v̂t, ..., v7)∧

7∏

l 6=r 6=s 6=t

4(v0, ..., v̂l, v̂r, v̂s, v̂t, ..., v7)+

7∑

l 6=r 6=s 6=t
l=0

4(v∗0 , ..., v̂∗l, v̂∗r, v̂∗s, v̂∗t, ..., v
∗
7)ε

4(v0, ..., v̂l, v̂r, v̂s, v̂t, ..., v7)
⊗

[r(vi, vj , vk, vl|v0, ..., v̂i, v̂j , v̂k, v̂l, ..., v7)]2⊗
7∏

i 6=r 6=s 6=t

4(v0, ..., v̂i, v̂r, v̂s, v̂t, ..., v7)∧

7∏

j 6=r 6=s 6=t

4(v0, ..., v̂j , v̂r, v̂s, v̂t, ..., v7)∧

7∏

k 6=r 6=s 6=t

4(v0, ..., v̂k, v̂r, v̂s, v̂t, ..., v7). (3.21)

Now compose morphismδε with g6
1ε(v

∗
0 , ..., v∗7) and simplify using tensor, cycle, Siegel

cross ratio and wedge properties, the above becomes

δε ◦ g6
1ε(v

∗
0 , ..., v∗7) =

7−i∑

j=i+1

(−1)j
7∑

i=0

(−1)i4(v∗0 , ..., v̂∗j , v̂∗i, ..., v
∗
7)ε

4(v0, ..., v̂j , v̂i, ..., v7)
⊗

4(v0, ..., v̂j+1, v̂i, ..., v7)
4(v0, ..., v̂j+2, v̂i, ..., v7)

∧ 4(v0, ..., v̂j+2, v̂i, ..., v7)
4(v0, ..., v̂j+3, v̂i, ..., v7)

∧
4(v0, ..., v̂j+3, v̂i, ..., v7)
4(v0, ..., v̂j+4, v̂i, ..., v7)

∧ 4(v0, ..., v̂j+4, v̂i, ..., v7)
4(v0, ..., v̂j+5, v̂i, ..., v7)

∧
4(v0, ..., v̂j+5, v̂i, ..., v7)
4(v0, ..., v̂j+6, v̂i, ..., v7)

+

7−i∑

j=0

(−1)j+1
7∑

i=0

(−1)i
7∧

j 6=i
j=0

4(v∗0 , ..., v̂∗j , v̂∗i, ..., v
∗
7)ε

4(v0, ..., v̂j , v̂i, ..., v7).
(3.22)

From Eq.(3.20) and Eq.(3.22), we must say thatg6
0ε ◦ d = δε ◦ g6

1ε.



Generalized Geometry of Tangent Groups and Affine Configuration Chain Complexes 807

3.3. Geometry for any Weight n. Using previous lemmas, work and calculation, we have
constructed the following generalized commutative diagram

Gn+3(An+1
F [ε]2

)
p //

d

²²

Gn+2(An
F [ε]2

)
gn
1,ε //

d

²²

TB2(F )⊗ ∧n−2F× ⊕ F ⊗ B2(F )⊗ ∧n−3F×

δε

²²
Gn+2(An+1

F [ε]2
)

p // Gn+1(An
F [ε]2

)
gn
0,ε // F ⊗ ∧n−1F× ⊕ ∧nF×

(H)
where,gn

0ε(v
∗
0 , ..., v∗n) = gn

01
(v∗0 , ..., v∗n) + gn

02
(v∗0 , ..., v∗n)

gn
01

(v∗0 , ..., v∗n) =
n∑

i=j+1

(−1)i+14(v∗0 , ..., v̂∗i, ..., v
∗
n)ε

4(v0, ..., v̂i, ..., vn)
⊗ 4(v0, ..., v̂i+1, ..., vn)
4(v0, ..., v̂i+2, ..., vn)

∧

4(v0, ..., v̂i+2, ..., vn)
4(v0, ..., v̂i+3, ..., vn)

∧ 4(v0, ..., v̂i+3, ..., vn)
4(v0, ..., v̂i+4, ..., vn)

∧ ...∧
4(v0, ..., v̂i+n−1, ..., vn)
4(v0, ..., v̂i+n, ..., vn)

(i mod n + 1), (3.23)

gn
02

(v∗0 , ..., v∗n) =
n∑

j=0

(−1)j+1
n∧

j 6=i
j=0

4(v∗0 , ..., v̂∗j , ..., v
∗
n)ε

4(v0, ..., v̂j , ..., vn)
(i mod n + 1) (3.24)

and

gn
1ε(v

∗
0 , ..., v∗n+1) =

(−1)n+1

n+1C2

n+1∑

i0 6=i1... 6=in−2

(−1)i
(〈

r(vi0 , vi1 , ..., vin−2 |v0, ..., v̂i0 , v̂i1 , ..., v̂in−2 , ...,

vn+1); rε(vi0 , vi1 , ..., vin−2 |v∗0 , ..., v̂∗i0 , v̂
∗
i1 , ..., v̂

∗
in−2 , ..., v

∗
n+1)

]
2
⊗

n+1∏

i0 6=i0+1 6=... 6=i0+n−3

4(v0, ..., v̂i0 , v̂i0+1, ..., v̂i0+n−3, ..., vn+1)∧

n+1∏

i1 6=i1+1 6=... 6=i1+n−3

4(v0, ..., v̂i1 , v̂i1+1, ..., v̂i1+n−3, ..., vn+1) ∧ ...∧

n+1∏

in−2 6=in−2+16=...6=in−2+n−3

4(v0, ..., v̂in−2 , v̂in−2+1, ..., v̂in−2+n−3, ..., vn+1)+

n+1∑

i0 6=i0+1 6=... 6=i0+n−3

4(v∗0 , ..., v̂∗i0 , v̂
∗
i0+1, v̂∗i0+n−3, ..., v

∗
n+1)ε

4(v0, ..., v̂i0 , v̂i0+1, v̂i0+n−3, ..., vn+1)
⊗

[vi0 , vi1 , ..., vin−2 |v∗0 , ..., v̂∗i0 , v̂
∗
i1 , ..., v̂

∗
in−2 , ..., v

∗
n+1]2⊗

n+1∏

i1 6=i1+1 6=... 6=i1+n−3

4(v0, ..., v̂i1 , v̂i1+1, ..., v̂i1+n−3, ..., vn+1) ∧ ...∧
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n+1∏

in−2 6=in−2+16=...6=in−2+n−3

4(v0, ..., v̂in−2 , v̂in−2+1, ..., v̂in−2+n−3, ..., vn+1)+

n+1∑

i1 6=i1+1 6=...6=i1+n−3

4(v∗1 , ..., v̂∗i1 , v̂
∗
i1+1, v̂∗i1+n−3, ..., v

∗
n+1)ε

4(v0, ..., v̂i1 , v̂i1+1, v̂i1+n−3, ..., vn+1)
⊗

[vi0 , vi1 , ..., vin−2 |v∗0 , ..., v̂∗i0 , v̂
∗
i1 , ..., v̂

∗
in−2 , ..., v

∗
n+1]2⊗

n+1∏

i0 6=i0+1 6=... 6=i0+n−3

4(v0, ..., v̂i0 , v̂i0+1, ..., v̂i0+n−3, ..., vn+1) ∧ ...∧

n+1∏

in−2 6=in−2+16=...6=in−2+n−3

4(v0, ..., v̂in−2 , v̂in−2+1, ..., v̂in−2+n−3, ..., vn+1) + · · ·+

n+1∑

in−2 6=in−2+16=...6=in−2+n−3

4(v∗1 , ..., v̂∗in−2 , v̂
∗
in−2+1, v̂∗in−2+n−3, ..., v

∗
n+1)ε

4(v0, ..., v̂in−2 , v̂in−2+1, v̂in−2+n−3, ..., vn+1)
⊗

[vi0 , vi1 , ..., vin−2 |v∗0 , ..., v̂∗i0 , v̂
∗
i1 , ..., v̂

∗
in−2 , ..., v

∗
n+1]2⊗

n+1∏

i0 6=i0+1 6=... 6=i0+n−3

4(v0, ..., v̂i0 , v̂i0+1, ..., v̂i0+n−3, ..., vn+1) ∧ ...∧

n+1∏

in−3 6=in−3+16=...6=in−3+n−3

4(v0, ..., v̂in−3 , v̂in−3+1, ..., v̂in−3+n−3, ..., vn+1)

(mod n + 2). (3.25)

Theorem 3.4. gn
0ε ◦ d = δε ◦ gn

1ε

Proof. Let (v∗0 , ..., v∗n+1) be(n + 2) points in spaceGn+2(An
F [ε]2

) and apply morphismd,
then we get

d(v∗0 , ..., v∗n+1) =
n+1∑

i=0

(−1)i(v∗0 , ..., v̂i, ..., v
∗
n+1)

Now apply morphismgn
01

then

gn
01
◦ d(v∗0 ,..., v∗n+1) =

n+1−i∑

j=i+1

(−1)j
n+1∑

i=0

(−1)i4(v∗0 , ..., v̂∗j , v̂∗i, ..., v
∗
n+1)ε

4(v0, ..., v̂j , v̂i, ..., vn+1)
⊗

4(v0, ..., v̂j+1, v̂i, ..., vn+1)
4(v0, ..., v̂j+2, v̂i, ..., vn+1)

∧ 4(v0, ..., v̂j+2, v̂i, ..., vn+1)
4(v0, ..., v̂j+3, v̂i, ..., vn+1)

∧
4(v0, ..., v̂j+3, v̂i, ..., vn+1)
4(v0, ..., v̂j+4, v̂i, ..., vn+1)

∧ ... ∧ 4(v0, ..., v̂j+n−1, v̂i, ..., vn+1)
4(v0, ..., v̂j+n, v̂i, ..., vn+1).

(3.26)
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Now compose morphismgn
02

andd(v∗0 , ..., v∗n+1) then

gn
02
◦ d(v∗0 , ..., v∗n+1) =

n+1−i∑

j=i+1

(−1)j
n+1∑

i=0

(−1)i
n∧

j 6=i
j=0

4(v∗0 , ..., v̂∗j , ..., v
∗
n)ε

4(v0, ..., v̂j , ..., vn).
(3.27)

The morphismgn
0ε = gn

01
+ gn

02
, therefore combine Eq.(3.26) and Eq.(3.27), it follows

gn
0ε ◦ d(v∗0 , ..., v∗n+1) =

n+1−i∑

j=i+1

(−1)j
n+1∑

i=0

(−1)i4(v∗0 , ..., v̂∗j , v̂∗i, ..., v
∗
n+1)ε

4(v0, ..., v̂j , v̂i, ..., vn+1)
⊗

4(v0, ..., v̂j+1, v̂i, ..., vn+1)
4(v0, ..., v̂j+2, v̂i, ..., vn+1)

∧ 4(v0, ..., v̂j+2, v̂i, ..., vn+1)
4(v0, ..., v̂j+3, v̂i, ..., vn+1)

∧
4(v0, ..., v̂j+3, v̂i, ..., vn+1)
4(v0, ..., v̂j+4, v̂i, ..., vn+1)

∧ ... ∧ 4(v0, ..., v̂j+n−1, v̂i, ..., vn+1)
4(v0, ..., v̂j+n, v̂i, ..., vn+1)

+

n+1−i∑

j=i+1

(−1)j
n+1∑

i=0

(−1)i
n∧

j 6=i
j=0

4(v∗0 , ..., v̂∗j , ..., v
∗
n)ε

4(v0, ..., v̂j , ..., vn).
(3.28)

Take again(v∗0 , ..., v∗n+1) ∈ Gn+2(An
F [ε]2

) and apply morphismgn
1ε, it follows

gn
1ε(v

∗
0 , ..., v∗n+1) =

(−1)n+1

n+1C2

n+1∑

i0 6=i1... 6=in−2

(−1)i
(〈

r(vi0 , vi1 , ..., vin−2 |v0, ..., v̂i0 ,

v̂i1 , ..., v̂in−2 , ..., vn+1); rε(vi0 , vi1 , ..., vin−2 |v∗0 , ...,

v̂∗i0 , v̂
∗
i1 , ..., v̂

∗
in−2 , ..., v

∗
n+1)

]
2
⊗

n+1∏

i0 6=i0+1 6=... 6=i0+n−3

4(v0, ..., v̂i0 , v̂i0+1, ..., v̂i0+n−3, ..., vn+1)∧

n+1∏

i1 6=i1+1 6=... 6=i1+n−3

4(v0, ..., v̂i1 , v̂i1+1, ..., v̂i1+n−3, ..., vn+1) ∧ ...∧

n+1∏

in−2 6=in−2+16=...6=in−2+n−3

4(v0, ..., v̂in−2 , v̂in−2+1, ..., v̂in−2+n−3, ..., vn+1)+

n+1∑

i0 6=i0+1 6=... 6=i0+n−3

4(v∗0 , ..., v̂∗i0 , v̂
∗
i0+1, v̂∗i0+n−3, ..., v

∗
n+1)ε

4(v0, ..., v̂i0 , v̂i0+1, v̂i0+n−3, ..., vn+1)
⊗

[vi0 , vi1 , ..., vin−2 |v∗0 , ..., v̂∗i0 , v̂
∗
i1 , ..., v̂

∗
in−2 , ..., v

∗
n+1]2⊗

n+1∏

i1 6=i1+1 6=... 6=i1+n−3

4(v0, ..., v̂i1 , v̂i1+1, ..., v̂i1+n−3, ..., vn+1) ∧ ...∧

n+1∏

in−2 6=in−2+16=...6=in−2+n−3

4(v0, ..., v̂in−2 , v̂in−2+1, ..., v̂in−2+n−3, ..., vn+1)+
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n+1∑

i1 6=i1+1 6=...6=i1+n−3

4(v∗1 , ..., v̂∗i1 , v̂
∗
i1+1, v̂∗i1+n−3, ..., v

∗
n+1)ε

4(v0, ..., v̂i1 , v̂i1+1, v̂i1+n−3, ..., vn+1)
⊗

[vi0 , vi1 , ..., vin−2 |v∗0 , ..., v̂∗i0 , v̂
∗
i1 , ..., v̂

∗
in−2 , ..., v

∗
n+1]2⊗

n+1∏

i0 6=i0+1 6=... 6=i0+n−3

4(v0, ..., v̂i0 , v̂i0+1, ..., v̂i0+n−3, ..., vn+1) ∧ ...∧

n+1∏

in−2 6=in−2+16=...6=in−2+n−3

4(v0, ..., v̂in−2 , v̂in−2+1, ..., v̂in−2+n−3, ..., vn+1) + · · ·+

n+1∑

in−2 6=in−2+16=...6=in−2+n−3

4(v∗1 , ..., v̂∗in−2 , v̂
∗
in−2+1, v̂∗in−2+n−3, ..., v

∗
n+1)ε

4(v0, ..., v̂in−2 , v̂in−2+1, v̂in−2+n−3, ..., vn+1)
⊗

[vi0 , vi1 , ..., vin−2 |v∗0 , ..., v̂∗i0 , v̂
∗
i1 , ..., v̂

∗
in−2 , ..., v

∗
n+1]2⊗

n+1∏

i0 6=i0+1 6=... 6=i0+n−3

4(v0, ..., v̂i0 , v̂i0+1, ..., v̂i0+n−3, ..., vn+1) ∧ ...∧

n+1∏

in−3 6=in−3+16=...6=in−3+n−3

4(v0, ..., v̂in−3 , v̂in−3+1, ..., v̂in−3+n−3, ..., vn+1).

(3.29)

Now compose morphismsδε and gn
1ε(v

∗
0 , ..., v∗n+1) and simplifying using tensor, cycle,

Siegel cross ratio and wedge properties, the above equation becomes

δε ◦ gn
1ε(v

∗
0 , ..., v∗n+1) =

n+1−i∑

j=i+1

(−1)j
n+1∑

i=0

(−1)i4(v∗0 , ..., v̂∗j , v̂∗i, ..., v
∗
n+1)ε

4(v0, ..., v̂j , v̂i, ..., vn+1)
⊗

4(v0, ..., v̂j+1, v̂i, ..., vn+1)
4(v0, ..., v̂j+2, v̂i, ..., vn+1)

∧ 4(v0, ..., v̂j+2, v̂i, ..., vn+1)
4(v0, ..., v̂j+3, v̂i, ..., vn+1)

∧
4(v0, ..., v̂j+3, v̂i, ..., vn+1)
4(v0, ..., v̂j+4, v̂i, ..., vn+1)

∧ ... ∧ 4(v0, ..., v̂j+n−1, v̂i, ..., vn+1)
4(v0, ..., v̂j+n, v̂i, ..., vn+1)

+

n+1−i∑

j=i+1

(−1)j
n+1∑

i=0

(−1)i
n∧

j 6=i
j=0

4(v∗0 , ..., v̂∗j , ..., v
∗
n)ε

4(v0, ..., v̂j , ..., vn).
(3.30)

From Eq.(3.28) and Eq.(3.30), we must say thatgn
0ε ◦ d = δε ◦ gn

1ε.

4. CONCLUSION

Generalized geometry between Tangent groups and affine configuration chain com-
plexes is studied in detail. In the previous work, researchers discussed geometry only
for lower weights but here generalized weight n is proposed by some valuable generalized
homomorphism. In past research, researchers defined only few arbitrary homomorphisms
for weightn = 2 up to weightn = 5. But here we generalized all homomorphisms for any
weightn ∈ N.
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