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Abstract.: The problem of solving nonlinear equations (real or complex)

is a nontrivial task in many areas of science and engineering. Usually,
the analytic methods for such equations are not directly affordable and
require an iterative approach for getting an approximate solution. Keep-
ing in view the above facts, we suggest and analyze some new iterative
methods for solving nonlinear equation of the fofifa) = 0 by using the
decomposition technique coupled with a system of equations and three-
points Gaussian quadrature formula. We also determine the convergence
order of our proposed iterative methods. Some test examples are given
to endorse and validate the performance of new methods as compared to
previously well-known methods.

Key Words: Convergence analysis, Gaussian three point quadrature formula, Daftardar-
Gejji decomposition technique, Nonlinear equation, Iterative methods.

1. INTRODUCTION

It is widely known that solving nonlinear equatigifu) = 0 is one of the key con-
siderable problem in Mathematical sciences particularly in numerical analysis. Many re-
searchers have proposed, analyzed, and modified diversity of numerical methods using
different techniques such as: Taylor’s series, modified homotopy perturbation method, de-
composition method, variational iterative method, and quadrature formulas for numerous
enhancements. A vast literature is available that highlight different methods for the solu-
tion of nonlinear equations for example, see [1,5, 7, 8,10-16, 19-24, 29, 34, 35] and ref-
erences therein. Abbasbandy [1] has applied ADM (Adomian decomposition method) to
present some new madifications in the Newton-Raphson method. Later on, Chun [7] has
constructed a sequence of multistep higher-order iterative methods by using the same tech-
nigue. Implementation of ADM requires the involvement of higher-order polynomial and
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its derivative that is itself a problem. To overcome this weakness of ADM several new tech-
nigues have been suggested and analyzed. Another simple decomposition technique was
introduced by Daftardar-Gejji and Jafari [9] that does not require higher-order derivative
evaluation. The purpose of this technique was to solve a variety of diverse problems and
plays a central role in suggesting iterative methods for solving nonlinear equations. Noor et
al. [25, 26] have used this technique and derived various order families of convergent itera-
tive methods by writing the nonlinear function in a new series representation with the help
of quadrature formula and the fundamental theorem of calculus. Sagib and Igbal [30] have
constructed the sequence of multistep iterative methods using this technique and derived a
comparative study of numerical results. Alharbi et al. [2] have introduced some new and
efficient iterative methods and implemented a decomposition technique along with an aux-
iliary function. Quadrature rules are another effective and veritable tools that are employed
to develop effective iterative methods for getting approximate, converging solutions of the
nonlinear equations. Quadrature-based iterative methods are developed by approximating
the indefinite integral representation of Newton’s method to Taylor's expansion of vector
function and employing quadrature formulas. This domain is adressed by considering clas-
sical quadrature formulas see [17,34]. Furthermore, the connection has been re-established
by Noor [28] and derived the quadrature-based fifth-order convergent method by using the
specially derived Gaussian quadrature formula for solving non-linear equations. By im-
plementing the decomposition technique [9], Ogbereyivwe and Muka [32] have developed
qguadrature-based families of iterative methods for solving system of nonlinear equations
subject to singular jacobian. Ali et al. [3, 4] have generalized and developed a family of
iterative methods. They testified the performance of these methods by numerical and graph-
ical analysis of some nonlinear equations. Based on the Gauss quadrature rule Srivastava et
al. [31] have investigated sixth-order three-step Newtons’ method for solving a system of
nonlinear equations. These methods are also helpful to evaluate nonlinear boundary-value
problems and integral equations in fewer iterations with higher accuracy.

Motivated by the research going on in this direction. In this article, we first develop a
class of quadrature-based multistep iterative methods by applying decomposition technique
and fundamental law of calculus along with the three-point Gaussian quadrature formula
[6]. These quadrature-based methods are of implict type, in which we use Newton’s method
as predictor and iterative function generated from quadrature rule as corrector; see Section
2. Section 3 deals with the convergence analysis and calculations of error equations of these
algorithms. Some numerical real-world examples of nonlinear equations are considered in
Section 4 to check the efficiency of the predictor-corrector type schemes. Moreover, a
comparative analysis of these methods with some other methods is presented to indicate
an efficient refinemer alternative of already developed convergent methods of the same
order. Finally, as a part of our concluding remarks, we discuss the accumulated facts of our
findings.

2. NEW CLASS OF FAMILY OF ITERATIVE SCHEMES

Consider the nonlinear equation

f(u) =0, u € R. (2. 1)
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Whereg is an initial guess suffitiently close te which is simple root of equation (2. 1).
Now, utilizing the technique of Noor et al. [25, 26] approximate the funcii¢m) using
fundamental theorem of calculus and quadrature formula:

r— )

ol W

C _
_ u—pf ’ U+ﬁ u—p § s utp s ut+pB u—p
flu) = f(B)+ 13 5f 5 5 +8f — +5f 5t
(2.2
Applying the technique of He [18] and writing the nonlinear equation as an equivalent

coupled system of equations:
r— D

C r_
u—f ’ u+f u—p 3 ’ u+p ’ u+ u—pB3 3
f(B) + 13 5f 2 3 5 +8f 5 +5f 2 + 2 5 + g(u),
(2.3)
5C L uss u-s"3 + 8 +8 u-8"3
U — , U U — , U , U U —
g(u) = f(u) — f(B) — 18 5f 5 T 3 5 +8f 5 +5f 3 + 2 3
. 4)
It can be rephrased as
18
u=pf-= uts u—5q§ f(ﬁ)quﬁ 2 u—3 4 2.9)
Sfr S -5T 5 +8f +5f 1P 452 2
u=c+N(u). (2. 6)
where
c=p, (2.7
and  N@u) =-n g BB+ ~ci=—o. (2.9)
p w2 T a2 bap MEen )

It is clear that\V/(u) is a nonlinear operator. Now we construct sequence of higher order
iterative methods by employing decomposition technique initiated by Daftardar-Gejji and
Jafari [9]. With the support of this technique solution of Eq. (2. 1) can be represented as

in terms of the infinite series:
o0
u = Z Uy (2.9
r=0

The nonlinear operator can be decomposed as

N(u)zN(u@—ki{N(in —N(iw))}. (2. 10)
r=1 q=0 q=0

Thus from equation (2. 6), (2. 9), (2. 10), we have

0 o0 T r—1
ZuT:c+N(u())+Z{N<Zuq> —N(Zuq>}. (2. 11)
r=0 r=1 q=0 q=0
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which generates the following iterative scheme:

Uug =C,
u1 :N( )
Ug = N(ug + u1) — N (ug),

It follows that
ur +up + g = N(uo +ur +uz+ o um)),

and

o0
u=c+ g U
r=1

Notable approximation of is conveyed as:

im Uy, =

an'g OoUm =ug+u+ - Up.
For m = 0, we have
urxUg=ug=c=p
It follows from (2. 4) and (2. 7 ), we get
9(u) = 0.

Considering (2. 8), (2. 12) and (2. 17 ), we obtain:

oy ) — - 18(£(59) + glu))

Urpt 1 :J\/ (Z;’;O uq) - N (ZZ!Ol uq) , m=1,2,....

@.

@.

@.

@.
@.

@.

12)

13)

14)

15)
16)

17)

18(f(8

(o ) oo () o ()
(

)
5Jf/(u027+/j uo uw—pf ?)+8f'(u0 +5

For m = 1, we have
U%Ul = ug + uy :uo—l—/\/(uO)

. 18(8)
(7 ) e () o (2
o f(uo)
' (uo)”

This formulation suggests the following algorithm:

+5f( Lol 4 wb
) +51/( v2)

@.

18)

. 19)
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Algorithm 2(a): For a given initial guess,, approximate solution,, , ; is determined by
the following iterative scheme:

Upt1 = Up — JJ:/((ZZ%, flug) #1, n=0,1,2,... (2. 20)

This is famous Newton’s method which have 2nd order convergence [27].
Itis noted that

u0+u1—ﬂ:—;:/((ﬁﬂ)), (2. 21)

From (2. 4), (2. 8) and (2. 21), we have

fB) " Iy U0+u1+ﬂ_u0+u1—ﬁr§
2 2 5

g uotur = fluo+u1)—f(B) -
18//(8) -
+8f’ w +5f’ u0+u1+ﬂ+u0+ul_6 § 0’
2 2 2 5
(2. 22)
f(8)
up +uz =N(ug +u) = —
f'(8)
. 18 f (uo + u1) .
- 9= 99—
+tui+8 +u;—8 3 +tui+8 tui+8 +u;—8 3
5f' uQ ;1 __ ug 12L1 3 +8f’ uQ ;1 +5f’ uQ ;1 +U0 gl H

For m = 2, we have
u~Uz=up+u; +us =c+N(ug+uy)

f(B)

f1(8)
18f(u0 —+ ’u,1)

P P
- = =
5f u0+;1+5 _ uov”;l*/@ % +8F u0+;1+5 +5f u0+12t1+5 + u0+;1*5 %

=06 —

(2. 23)

This formulation yields the following two step method for solving nonlinear equa-

tion:
Algorithm 2(b): For a givenz,, approximate solution,,; is computed by the following

iterative scheme:

f(un)
= — 2.24
Yn Un f’(un)’ ( )
i1 =y . 18f(yn) o
n — dn — A =
ntun n—Un 3 ntun ntun n—Un 3
Bff dmgmm —fmgEmop b 8f fagme o 4 5f7 fmgma 4o o
n=0,1,2,.... (2.25)
It is noted that
f(8)
ug +u1 +uz = —
1'(8)
. 18f (uo + u1) .
~ ~ ’

B ugtui+8 _ uotui—B 3 ugtui+8 wotui+B8 | wotui—f 3
5f 2 - 2 R A e Y 2 + 2 5
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898
f(B) n uo +u1 +u2 + 0 uo+u1+ugfﬂr§
g uo+uituz =f(uo+u1+u2)*f(ﬁ)*m 5f 5 - 5 B
+sf u0+u1;rU2+ﬁ +5f UO+U1;U2+ﬁ+u0+U1;u2*ﬂr§ O’
F(B)

u1 +uz +uz = N(ug +ur +u2) =6 —
1(B)
18f(ug + u1)
- - — S — S =
5f/ u0+151+l3 _ u0+12q B % 1+ 8f u0+151+5 4 5f7 1L0+1;1+6+u0+1;1 B %

18f(uo + u1 + uz2) .
B tuitust+s tuitus—p '3 +ujtuo+p ugtujtug+pB tuitus—B '3
5f/ uo u12 LL2 _ uo u12 u2 % + Sf, UO 11/12 112 + 5f, LLO U12 11/2 + UD 1112 112 %
(2. 26)
Form =3
ur~Uz=ug+u;+uz+uz=c+AN(up+uy+ uz)
-3 73 18f(uo + u1) .
=P - - 99— 99—
7(B) 5f7 “0+12'r1+»3 _ L00+12¢1*5 % +8f/ u0+;1+ﬂ +5f7 u0+;1+l3 + u0+;1*/3 %
18f(uo + u1 + u2) .
~ k]

_ — _
ugtuitus+pB ugtujtus—B "3 ugtuitus+pB ugtugtus+p8 ugtujtus—B "3
5f7 2 - 2 5 +8f 2 +5f 2 + 2 5

This formulation allows us to suggest the following Algorithm:
Algorithm 2(c): For a givenug, approximate solution,, ; is computed by the following

iterative scheme:

Yn = Up — f,(u”) , (2.27)

I/ (un)

18

Zn = Yn — 9— £ () 94—, (2. 28)

5f’ Yntun _ ?/‘n,;“n % +8f’ ?/71,"2'“71, +5f' Z‘/n';'“m, + ?/n;“n %

18f(zn
Unst = 2n — o= f(zn) a—. =n=012. ...
5f zntun _ Zn;un % +8f/ ZnJgun + 55 Zn‘gun + zn;“n 53
(2. 29)

For m = 4, we have

u~Ug=ug+u; +us+uz+ug=c+N(ug+uy+uz+us)

_ £(B) _ 18 f(uo + u1) _
3 +8f/ u0+";1+ﬂ +5F u0+;1+ﬁ + uo+;1*ﬂ ‘—1%

= f(B) 5f ugtui+8 uo+u17ﬁ‘47
2 2 5

18f(u0 + up +u2) .
q—
+8F u0+“12+u2+5 +5F u0+“12+u2+f1‘ + u0+u12+“2 B %

ugtuitug—f '3
2

; ug+tujgtus+p
5f 2 - 5

18f (@) _
38y gp 6B | =B

e |

where U = ug + uy + us + us

This formulation allows us to suggest the following four step algorithm.
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Algorithm 2(d): For a givernug, approximate solution,, ; is computed by the following
iterative scheme:

fun)
= Uy — s 2.30
Yn n f/(un,) ( )
18f(yn
Zn = Yn — - 9= - ( ) - / = (2.31)
5f yn;un _ yn;un % +8f/ ynzun +5f ynJgun + yn;un %
18f(zn
wn = 2 - a f(zn) - a 2.32)
z. U Zn —u 2 u z. U z —Uu
5f/ 'n/2 n o __ 'n/2 n g +8f/ n2 n +5f/ 'n/2 n + 7l2 n g
18 f(w
Un+1 = Wn — i _ q? 7( _:L) T — qg ) n=0,1,2,....
5f/ 71,2 n _ Wn n 2 + Sf/ n2 ‘n 4 5f/ 71,2 no4 11,2 n 2
(2. 33)

3. CONVERGENCEANALYSIS OF PROPOSEDALGORITHMS
In this section, we determine the convergence order of proposed Algorithm 2(b), Algo-

rithm 2(c) and Algorithm 2(d).

Theorem 3.1. For an openinterval C R. Letf : I — R anda € I root of f(u)=0. If f
is differentiable and. is sufficiently close ta then two step method defined by Algorithm

2(b) has third order of convergence and satisfies the error equation:

2 3 3 4 5
ent1 = C€p — 3¢y — 3cacs e, + O(ey).

Proof. Let a be simple zero of the functiofithen expanding (u,,) and f'(u,,) abouta
(3. 34)

f(@){en + coep + c3€l + cael + csed + coed },
(3. 35)

flun) =
f’(a){l + 2coe,, + 3czel + deged + 5C5eﬁ + 6cgel + 70762}.

() =

wherecy, = %J;f((g)) ande, =u, —a k=2,3,...

By using (3. 34), (3. 35) into (2. 24), we have
4

Yn = a + coe2 + (263 - 26%)6% - (76263 —3cq — 4c§)en
+ (4es — 10c2¢s — 6¢3 + 20c3¢5 + 8¢3) el + O(ed),

(3. 36)
fyn) = F(@){coel + (2c5—2¢3) el — (Teacs — 3es — 4c3) ey
+ (24c3¢3 — 12¢5 — 6¢5 — 10cacq + 4es el + O(el).
(3.37)

Expandingf’(“";y") f/(Ynttn — Ynztin \/g) f(indtn 4 Ynztn \/g) by Taylor's

series aboud

n n < ]_ <
P =@k esen s (G4 72) + (52— 2+ Gea)ed
2 1 2

+ (4ch+ QC;C“ - 372302 + 5lcgc5)e;§} +0(e), (339
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Uy + Yn

o) =f(){8 + 8cacn + (8¢5 + Ges)ef + (28eacs — 165 + dea) ey

8f'(

)
+ (505 + 36cacs — Tdegch + 32¢5 + 24c3)ep + O(ed), (3. 39)

n + Un n— Un |3 1 1 6
f’(y o Y . g) :f’(a){l + (5e2 + zeaV/I5)en + (cg — VI + zes
3 13 2 7
+ =V 1503)6% + (—0203 —2¢3 + ~V15¢3 + —cq
10 5 5 5
2 9 3 6, 11 9
— =V 15cac3 + —V 1504)en + (703 + —V15¢3¢3
5 25 5 10
12 18 4
— %\/ 15cocq + 36264 + gv 1563 — 70303 + 4cy

31 2 A .
+ 2065 + g\/ﬁc5)en + O(en)}, (3. 40)

5f’(yn—’2—un _ Yn ;un g) :f’(a){5+ (5¢2 + e2V15) e, + (5¢3 — V15c3 + 63

3
+ 5 \Y4 1563)6,27‘ + (136263 — 100; + 2\/ 1503 + 764
9 11
— 2V 150203 + g Vv 1504)6% + (603 + ? Vv 156303

12
+ 18cocy — g\/ 15¢cocy — 4V 1503 — 350303 + 20cq4

+ %cs +2v/15¢5) e, + O(e;’;)}, (3. 41)

5f’<yn;un 4o ; tn g) :f/(a){i) + (5¢2 — c2V15)en + (5¢3 + V15¢3 + 63

— g\/ﬁc;;)ei + (130263 — 1003 — 2\/ﬁc§ — %\/ﬁa}

+ Tcqg + 2\/50263)62 + (60?,, — %\/ﬁc:;c% + 18cocy

+ 153\/50204 + 4V/15¢5 — 35¢3¢3 + 20¢5 — 2v/15¢5

+ SLes)ed + o)} (3. 42)
From (3. 37),(3.39), (3. 41), (3. 42), we get

f(yn)

(s - gt [3) 8 (gen) (g - g )
= coel + (2c5 — 3c3)ed + Ofer).
(3. 43)
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Substituting values from (3. 36 ), (3. 43 ) into (2. 25 ) and simplifying we get the error term
of the Algorithm 2(b)

Uny1 = a + c3ed — (3¢ — 3eacs)en + O(ed), (3. 44)
ent1 = caes — (3¢5 — 3eacs)en + O(€). (3. 45)
(|

Theorem 3.2. For an open interval C R.Letf : I — Randa € | be root of f(u) = 0.
If f is differentiable andu, is sufficiently close tax then three step method defined by
Algorithm 2(c) has fourth order of convergence and it satisfies the error equation:

ent1 = Coel + (dezch — 4cy)ed + O(el). (3. 46)
Proof. Considering again the equation (3. 44 ), we have

2y = a +cied + ( —3c + 36203)6;11 + ( — 12¢3¢3 + 6¢5 + deacy + 203)62 + O(el),
(3. 47)

f(zn) _ f’(a){cgei + (30263 - 363)6% + ( - 120305 + 20% + 60% + 40264)62 + O(eg)}.
(3. 48)

EXpandingf’(“"‘{Z”), fl(Z7LJI2‘Un _ anUu \/g), f’(Z”JFTu” + wﬁ) by Taylor series
abouta
reUn T Zny g 2 3 3 o d 2
8f'( 5 ) =f"()q 8+ 8czen + bezer + (8¢5 + dey) ey + (— 24¢5 + 36¢3¢3
5 3
+ 565)631 — (132¢a¢5 — 52¢ac3 — 56~ 4dcqcy — 48c3)ed + O(ei)},

(3. 49)

5f’<zn —g n _ Zn ; Un g) :f’(a){f) + (5¢2 + e2V15) e, + (6es + g\/ﬁ03)€i

. . 9 .
+ (50‘5 — V1565 + Tey + g\/ﬁ&;)ei - (1563 — 18c3¢3

31
— 3V15¢3 + 3V15¢3¢3 — “=c5 — 2\/ﬁc5)ei + O(efl)},

4
(3. 50)

5fl(zn ";_ Unp, + Zn ; Unp g) o f/(a){S —+ (502 — CQ\/ﬁ>en + (603 — g\/ﬁcg)ei

9
+ (5¢3 + V15c3 + Teq — 5\/%04)652 — (15¢5 — 18c3¢c3

31
+ 3v15¢5 — 3v/15¢3¢3 — 2o 2v/15¢5) e + O(ei)}.
(3. 51)
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From (3. 48), (3.49) (3. 50), (3. 51), we have

f(zn)
B (Ege - st [1) S 8p () o (gt 4 25t )

=c3el — (40% — 30263)ei - (16630% —10c3 — 4cacq — 26%)62 + O(el).
(3. 52)

Substituting values from (3. 47 ), (3. 52 ) into (2. 29 ) and simplifying we get the error term
of the Algorithm 2(c)

Upt1 = @+ cgeﬁ + (46303 - 40%)62 + O(eg), (3.53)
eny1 = Caer + (46303 — 403)62 +O(ef). (3.54)

n

Theorem 3.3.Foran openinterval C R. Letf : I — Randa € | be root of f (u) = 0.%
fis differentiable and. is sufficiently close ta then four step method defined by Algorithm
2(d) has fifth order of convergence and it satisfies the error equation:

ent1 = czeh + (5ezed — 5e3)ed + O(el). (3. 55)
Proof. Consider the equation (3. 53)

wy, =a+ cgei + (4636% — 403)62 + (50304 + 5eac3 — 20c3c3 + 10c§)e$1 + O(eZL).
(3. 56)

Expandingf(w,,) by Taylor’s series about

f(wn) = f’(a){cgefl + (40303 — 40%)62 + (50403 + 50203 — 200303 + 1003)62 + O(ezl).
(3.57)

Expanding’ (Lot ), p(Lefte — wazea 3 pr(wagee o was /3 in terms

of Taylor’s series about

Wn + Un - 5 3 -
8f’( . ) _ f’(a){S + 8caey, + 6636% + 404ei + (80‘21 + 505)6; + (506 + 440303
—32¢5)e) + O(ed), (3. 58)

;W + Uy Wy — Uy (3 , 3 9

5f'( R 5) =f"(a){5+ (52 + c2V15) e, + (6cs + 5\/1503)6n

9
+ (Tes + g\/15c4)ei + (2v/15¢5 — V15¢5 + 5c3
31 33

+ ZCE,)efL + (ZCG — 4V15¢3¢3 4 4V/15¢5 + 23¢3cs

21
+ ﬁg\/ﬁce —20c3)el + O(ed), (3. 59)
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5f’(wn ;r Un | Wn ; Un \/g) =f"(a){5+ (5cz — @\/ﬁ)en + (6cs — %\/Ecp))ei
+ (764 — %\/ﬁ&;)&i + ( — 2\/EC5 + \/ﬁc% + 503

1 . .
+ 3—05)ei + ( — 4V/15¢3¢5 — 4V/15¢5 + 23c3¢3

4
5 21 -
—20c¢; + g06 - —3\/506)6; +0(e8). (3. 60)
4 100
From (3. 57), (3. 58), (3. 59), (3. 60 ) we have
f(wn)

5‘]('/(’11)77,—2‘,-un _ wn;un \/g) + Sf/(wn;un,) + 5f/(wn—2&-un + wn;un %)

= c3er (descs — bey)el + O(ed).
(3.61)

Substituting values from (3. 56 ), (3. 61 ) into (2. 33 ) and simplifying we get the error term
of the Algorithm 2(d)

Unt1 = a + c3ed + (5ezed — 5c3)ed + O(el), (3. 62)
ent1 = czes + (5ezcd — 5e3)ed + Ofe)). (3. 63)
g

The error equations (3. 45), (3. 54), and (3. 63) show that the Algorithm 2(b), Algo-
rithm 2(c) and Algorithm 2(d) are third fourtk fifth order convergent.
This completes the proof.

4. NUMERICAL EXAMPLES AND APPLICATIONS

In this section, we consider some nonlinear models related to Mathematics and Engi-
neering which include continuous stirred tank reactor problem, van der Waal’s equation,
renowned population growth model, and nonlinear model formed due to motion of a parti-
cle on an inclined plane. We also include some of the nonlinear equations used by Chun [7]
to elaborate the efficacy and effectiveness of the proposed algorithms. We obtain estimated
simple root rather than the exact depending on the exactness)—!% of the computer.

For computational work, we implement codes in Maple software and Matlab for graphical
analysis, and the following stopping criterion is taken into account for entire computations:

(0)Jun+1 —unl <e and (#).) f (unt1] < e. (4. 64)

We compare the Newton-Raphson method (NM), Chun method (CM) [7], Weerakoon and
Fernando method (WF) [34], Noor et al. methods [28]gorithm 2.5 (NR1), Algorithm
2.8 (NR2), Algorithm 2.10 (NR3)with the Algorithm 2(b) (AG1), Algorithm 2(c) (AG2),
Algorithm 2(d)(AG3). As for the convergence criteria, it was required that the distance
of two consecutive approximations)(for the zero was less tha)—°°. We display the
number of iterations (IT), the approximate zerpand the functional valug(u,,) in Tables
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(1-5). The computational order of convergence (COC) (see [8]) is computed to check the
behaviour of the proposed methods for presented examples and given by:

cocr M tnir = tn |/ tn — 1| (4. 65)
In| un — Up—1 |/| Upn—1 — Upn—2 |

Example 4.1 (see [5](Continuous stirred tank reactor (CSTR)ere, we consider the
nonlinear equation stirred tank reactor i.e.,

ut 4+ 11.50u> + 47.49u” + 83.06325u + 51.23266875 = 0. (4. 66)

We usez, = —1.40 as an initial guess for the computer programs in this example.
The comparison of numerical results for this example is given in Table 1. It is clear from
the numerical results obtained from Table 1 that the effectiveness and presentation of the
new methods are much better than those of the other similar order methods. Fig 1 also
shows the efficacy of proposed schemes by making the comparison of the iterative methods
concerning to different methods in terms of the number of iterations.

Table 1: Numerical results for Equation 4. 66 .

Methods| IT Un, fluy) 0=lxn —xn_| | COC
NM 6 | 1.45000000000000003.258864e-69 1.798055e-35 | 2.00000
WF 4 | 1.45000000000000004.450403e-85 2.779472e-29| 2.99999
NR1 4 | 1.45000000000000001.034328e-76 1.424909e-26 | 2.99973
NR2 4 | 1.45000000000000001.545514e-87 4.421829e-30| 2.99992
NR3 3 | 1.45000000000000008.507087e-58 1.609392e-15| 3.93555
CM 3 | 1.45000000000000003.887894e-56 3.957471e-15| 3.92523
AG1 3 | 1.45000000000000002.513368e-29 1.120288e-10 | 2.99999
AG2 3 | 1.45000000000000003.280405e-69 3.189433e-18| 3.96872
AG3 2 | 1.45000000000000003.605181e-27 2.298321e-06| 4.97036
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Log of residuals

Iterations

Figure 1: Log of residuals for Equation 4. 66 .

Example 4.2(Van der Waal's equation see [33NVe consider the van der Waal’s gqquation
representing the real and ideal behaviour of gass is prescribed as:

2
C
(Q+%5) (v - pd) = pST, (4. 67)
equation.(4. 67 ) can be transformed to the following nonlinear form:
QV3 — (pdQ + pST)V? + cp*V — cpd, (4. 68)

after approperiatly choosing the needed parametres and unknown constants we can find the
following nonlinear function:

0.986u% — 5.181u% + 9.067u — 5.289 = 0. (4. 69)

Where the variabl@ shows the volume of the gas. We take= 3.10 as an initial guess for
computational evaluations. The mathematical computations for Eq.(4. 69 ) are calculated
in Table 2. Fig 2 shows the comparison of the iterative methods with respect to the number
of iterations.

Table 2: Numerical results for Equation 4. 69 .

Methods| IT Up, f(un) 0=|xn —xn_|| COC
NM 12 | 1.929846242847862P2 3.825655e-94| 2.693071e-47| 2.00000

WF 8 | 1.92984624284786221.000000e-126 5.142285e-43| 3.00000
NR1 8 | 1.929846242847862P 5.845408e-80, 2.086153e-27 | 2.99975
NR2 8 | 1.929846242847862P 0.000000e+00 3.271773e-50| 3.00000
NR3 7 | 1.92984624284786221.000000e-126 8.979952e-39 | 3.99905
CM 7 | 1.9298462428478622 0.000000e+00  8.145024e-35| 3.99798
AG1 7 | 1.929846242847862P 2.827856e-51] 9.577165e-18| 2.99612
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AG2
AG3

6

1.929846242847862E 2.541997e-93| 3.372664e-24| 3.99999
5

1.929846242847862P 1.807906e-71 2.726914e-15| 4.96276

Log of residuas

—6— AGL
—8— AG2
AG3

2 4 6 8 10 12 14
Iterations

Figure 2: Log of residuals for Equation 4. 69 .

Table 2 and Figure 2 illustrate that the new methotsl, AG2, AG3 require less num-
ber of iterations when compared withM, CM, W F, NR1, N R2, N R3 to meet the stop-
ping criterium (4. 64 ). Itis clear from the results of this example that the proposed methods
converge more rapidly to the solution as compared to the already existed methods.

Example 4.3(see [6](Population growth model)Xonsider the nonlinear equation that
appears in mathematical modeling of the growth of population over short periods of time:

et —1

A

1564, 000 = 1000, 000e* + 435000( ) — 1564000, (4. 70)

where ) denotes the constant birth rate of population whose value needs to determined.
For computational work, we take, = 1.5 as an initial estimate. The numerical results for
this problem are given in Table 3. Fig 3 show the comparison of the iterative methods with
respect to number of iterations.
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Table 3: Numerical results for Equation 4. 70 .

Methods| IT Up, f(un) d=|zp —an_1]| COC
NM 7 | 0.1009979296857498 7.697779e-31] 1.104193e-18| 2.00000
WF 5 1 0.1009979296857498 3.049742e-54| 1.968666e-20| 2.99999
CM 5 | 0.10099792968574983.000000e-121 7.646560e-45 | 3.99979
NR1 5 | 0.1009979296857498 5.620211e-45] 2.113407e-17| 2.99775
NR2 4 | 0.1009979296857498 1.334042e-63] 1.648664e-23| 2.99979
NR3 4 | 0.1009979296857498 3.875494e-41| 2.882365e-12| 3.92829
AG1 4 | 0.1009979296857498 2.200930e-17| 4.197052e-08| 2.97866
AG2 4 | 0.1009979296857498 3.380718e-67| 1.245760e-18| 3.98809
AG3 3 | 0.1009979296857498 7.972330e-30] 1.644990e-07 | 4.96899

—8—N\M | |
—fe— WF
—6—CM
NR1 | ]
—€— NR2
NR3
—p— AGL |
AG2

AG3

Log of residuals

Iterations

Figure 3: Log of residuals for Equation 4. 70 .

The second column of Table 3 demonstrates that new methods require less number of
iteration to reach the stopping criteria (4. 64 ) and the same for some cases when com-
pared with different methods. It is clear from Table 3 and Fig 3 the approximate solutions
obtained by the newly proposed methods can be compared with the well-known existing
methods and performance is much better than the other methods. Computational order of
convergence is also exhibited in the Table 3 which also verifies the convergence order of
the methods.

Example 4.4(see [26](Motion of particle on an Inclined plane))
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We solve the nonlinear model formed due to the motion of a particle on an inclined
plane whose angle of inclinatiofi,changes at a constant ré—’éﬁl) =w < 0:
—wt

wt
g e — e
2(t) = _W(f

We takexz, = —0.36 as an initial guess for computation evaluation. The comparison
of numerical results for this problem are given in Table 4. Figure 4 represent the fall of
residuals for this example.

— sinwt> . (4.71)

Table 4: Numerical results for Equation 4. 71 .

Methods| IT Ty, £ un) 0=|zy — x| | COC
NM 6 | 0.31706177457295711.402507e-44 2.575729e-22| 1.99999
WF 4 | 0.317061774572957(17.807920e-54 1.732945e-18| 2.99671
NR1 4 | 0.317061774572957(11.360230e-46 3.708416e-16| 2.99170
NR2 4 | 0.317061774572957(11.292575e-55 4.593526e-19| 2.99721
NR3 3 |1 0.317061774572957(14.197484e-35 1.056817e-09| 3.71019
CM 3|1 0.317061774572957(17.409941e-34 2.048702e-09 | 3.99675
AG1 4 | 0.317061774572957[11.292567e-55 4.593517e-19| 2.99720
AG2 3| 0.317061774572957(11.445782e-44 6.438628e-12 | 3.99957
AG3 3 | 0.31706177457295713.562374e-84 9.233781e-18| 4.99999

Log of residuals

—8— NM
——CM

—6—NR1
—P— NR2

—p— AG1

WF

NR3

AG2
AG3

Iterations

Figure 4: Log of residuals for Equation 4. 71 ..

It is clear from computational results for the effectiveness and presentation of the new
methods are much better and needs less number of iterations when compared with NM,
NR1, NR2, NR3, CM, WF or same in cases (CM, NR3). In Table 4, and Fig 4 show the
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compatibility of numerical results for new iterative methods with the methods theoratical
analysis.

Example 4.5(Transcendental and Algebraic problems.)

To numerically analyze the suggested algorithms, we consider the following transcen-
dental and algebraic equations used by Chun [7]:

fi(u) =(u—1)> — 1, u, = 3.5,
fa(u) =cos(u) — u, u, = 1.7,
Jalu) =e"HT0 1, up = 3.5,
fa(u) =sin?(u) —u® + 1, Up = —1,
f5(u) =u? — e — 3u + 2, Uy = 2.

In Table 5, we display the numerical results for examglgs), fo(u), f5(u), fa(u), f5(u)
to validate the theoretical results.

Table 5: Numerical comparison between different algorithms for test probjgias—

f5(s).
Methods\ IT ‘ Up, ‘ f(up) ‘ 6 = |up — Up_1] ‘ cocC
filu)=(u—-13-1, u,=35
NM 8 | 2.0000000000000000 2.056946e-42| 8.280390e-22 | 2.00000
CM 6 | 2.0000000000000000 0.000000e+00 2.827696e-94 | 4.00000
WF 5 | 2.000000000000000p 9.839450e-37| 6.550899 e-13 | 2.98641
NR1 7 | 2.0000000000000000 0.000000e+00 1.240603e-83 | 2.99999
NR2 6 | 2.00000000000000004.040313e-120 1.104328e-40 | 3.00000
NR3 5 | 2.0000000000000000 0.000000e+00 5.864694e-26 | 3.99224
AG1 5 | 2.0000000000000000 3.312983 e-40| 4.797695 e-14 | 2.99061
AG2 4 | 2.0000000000000000 2.932850e-42| 3.144431e-11 | 3.86663
AG3 3 | 2.0000000000000000 1.015348e-20, 8.052339e-05 | 4.86465
fa(u) = cos(u) — u, uo= 1.7,
NM 7 | 0.7390851332151608 0.000000e+00 3.254881e-65 | 2.00000
WF 5 1 0.7390851332151606 0.000000e+00 1.696999e-65 | 3.00000
NR1 5 1 0.7390851332151608 0.000000e+00 5.225607e-73 | 3.00000
NR2 5 | 0.7390851332151606 0.000000e+00 6.108403e-80 | 3.00000
NR3 4 | 0.7390851332151606 0.000000e+00 2.241483e-55 | 3.99987
CM 4 | 0.7390851332151606 0.000000e+00 1.867468e-53 | 3.99983
AG1 4 | 0.7390851332151606 9.975704e-80| 1.069276e-26 | 2.99942
AG2 4 | 0.7390851332151620 0.000000e+00 4.125693e-62 | 3.99995
AG3 2 | 0.7390851332151620 7.930209e-24| 7.243271e-05 | 4.88893
f3(u) — eu1+7u—30 -1, Up= 3.5
NM 13 | 3.0000000000000000 1.516930e-47| 4.212111e-25 | 2.00000
CM 9 | 3.0000000000000000 0.000000e+00 2.884803e-88 | 4.00000
WF 9 | 3.000000000000000p 5.066487e-71| 4.069243e-25 | 2.99979




910

G. Sana, M. A. Noor, K. I. Noor

NR1 10 | 3.0000000000000000 0.000000e+00] 3.108113e-46 | 3.00000
NR2 8 | 3.0000000000000000 7.833171e-38| 5.183816e-14 | 2.99434
NR3 9 | 3.0000000000000002 0000000e+00| 2.495598e-99 | 3.99999
AG1 8 | 3.000000000000051p 7.473796e-38| 5.103296e-14 | 2.99999
AG2 7 | 3.0000000000000000 7.004102e-93| 1.173100e-24 | 3.99523
AG3 6 | 3.0000000000000000 1.159203e-87| 5.440327e-19 | 4.95234
fa(u) = sin?(u) —u? + 1 up=-1
NM 7 | 1.404491648215341p 1.044527e-50| 7.327881e-26 | 2.00000
CM 6 | 1.40449164821534122.100000e-127 7.126555e-68 | 3.99999
WF 5 | 1.4044916482153412 8.904296e-89| 3.791998e-30 | 3.00010
NR1 16 | 1.404491648215341p 1.095509e-20| 1.531728e-07 | 2.97384
NR2 5 | 1.404491648215341p 5.953595e-94| 7.309921e-32 | 3.00005
NR3 5 | 1.40449164821534121.000000e-127 6.860606e-97 | 3.99935
AG1 4 | 1.404491648215341p 1.773310e-31| 4.881813e-11 | 3.03474
AG2 3 | 1.4044916482153412 7.210014e-25| 8.814637e-07 | 4.33293
AG3 3 | 1.404491648215341p 3.720234e-48| 3.310354e-10 | 4.99921
fs(u) =u? —e* —3u+2, wu=2
NM 7 | 0.25753028543986082.117415e-111 7.743422e-56 | 2.00000
WF 5 | 0.25753028543986085.935509e-103 1.630507e-11 | 3.00999
NR1 4 | 0.2575302854398608 1.218871e-41| 5.694586e-14 | 2.91743
NR2 4 | 0.2575302854398608 3.376128e-53| 1.007610e-17 | 2.97840
CM 4 | 0.25753028543986081.236660e-114 9.463123e-29 | 3.97784
NR3 3 | 0.2575302854398608 9.720474e-29| 2.979348e-07 | 4.65461
AG1 3 | 0.2575302854398608 3.732105e-17| 1.041853e-05 | 3.48762
AG2 3 | 0.257530285439860 3.162123e-45| 3.182065e-11 | 4.14451
AG3 2 | 0.257530285439860[ 2.735843e-18| 1.569721e-03 | 4.94443

The second column in Table 5 represent the number of iterations for different nonlin-
ear functions along with initial guess. A comparative representation of the number of
iterations is presented, needed for different methods with our developed methods using the
stopping criteria (4. 64 § accuracye = 107190, Itis clear from Table 5 that settling the
same convergence criteria for all the methods, the number of iterations required for the new
methods remains less or equal in some cases than the number of iterations needed by the
other methods of the same order. The computational order of convergence is computed to
validate theoratical results and it varies for all the methods.

5. CONCLUSION

In this manuscript, we have presented the new third, fourth-order, and fifth-order con-
vergent iterative schemes by using the decomposition technique and quadrature formula.
The efficiency and performance of these schemes are checked with the support of some nu-
merical examples. A comparative analysis of these newly established schemes with some
known schemes existing in the literature is also presented to validate the theoretical re-
sults. The computational numerical results and graphical analysis show the supermacy of
the proposed schemes over the other iterative schemes; see Tables 1-5 and Figures 1-4.
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