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Abstract. In this article, the functional equations of classical polyloga-
rithmic groups for higher weights have been introduced and their relations
with configuration of complexes have been defined via morphisms. Fur-
thermore, these functional equations and homomorphisms have been gen-
eralized and their proofs have also been given. Through the use of these
functional equations, the bi-complex form of the associated diagrams has
been shown.
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1. INTRODUCTION

Classical logarithmic functions have been studied for many years and have specially
been used in quantum electrodynamics, quantum statistics, series representations and many
other similar physical phenomena. The dilogarithmic form of such functions was de-
fined by Leibniz whereas the key element of Goncharov’s work was proposing a triple-
ratio for tri-logarithmic groups [4], then generalizing these group8ad’) by framing
them as Goncharov's complex. Further, remarkable contribution was to derive the func-
tional equations for weight 2 and 3 for bilogarithmic and trilogarithmic grags”) and
B3 (F) [2-4]. Moreover, it was proved that the associative chain complexes are commuta-
tive (see [2]).

In the work of [14], the functional equation of weight 4 for the grd8d F') is introduced,
those were 9 terms relations. Khalid et al. [9, 10] introduced some extension and gener-
alization in the geometry of Grassmannian configuration and variant of Cathelineau chain

*Correspondinguthor email:

243



244 Muhammad Khalid, Javed Khan and Azhar Igbal

complexes. Khalid et al. [8, 11, 12] also extended the geometry of Goncharov classical
polylogarithmic group and configured the chain complex.

In this work, the generalization of these functional equations have been proven for weight
5,6 upto weighta. Also, it is shown that the resultant diagrams are bi-complex. In short,
this work is generalization and the extension of Goncharov.

2. BASIC CONCEPTS ANDBACKGROUND

2.1. Generalized Grassmannian Configuration Chain Complex.Let consider the fol-
lowing generalized Grassmannian configuration chain complex (see [5-7,13])

Grys(n+2) 4. Grya(n+2) 4, Gris(n+2) (A)
l”
Gria(n+1) —> Gris(n+1) —4> Gpio(n + 1)
& i
Ga(n) ——> Gu2(n)
where the grouf7,,+1(n) be a free abelian group. It is generated by the configuration

of (n + 1)-vectors inn dimensional vector space. Following are two type of differential
morphisms.

n+1

n

d: (Ko, hin) = > (1) (Koy ooy Bty ooes i) (2.1)
i=0
and
D (Koye- oy bn) Z(—l)i(/@i\mo, ey Ry ey R (2.2)
i=0

Lemma 2.2. The generalized diagramlis bi-complex, sefl3].
Lemma 2.3. The generalized diagranye is commutative, s€éd 3].

2.4. Polylogarithmic Groups of Weight 1. Let consider & — module denoted by [P1.].

It is generated by symbét] € PL [14]. We will useF as a field and™*® = F — {0, 1}

is a double punctured set. The polylogarithmic group for weight 1 is denoté&{ By is a
scissor congruence group [1] which is quotient groug gf'**] and its subgroup generated
by the famous Abel’s famous five term relation,

AR IR

[u] = o] +

]

1—u
whereu # v,u,v # 0,1 (see [2])

2.4.1. Bloch Groups, the Bloch-Suslin complex and Generalized Goncharov's Polyloga-
rithmic Complexes.

Weight 1. Consider the subgroup defined Bs(F) C Z[PL] generated by the relation
[uv] — [u] — [v] called the three term relation wheiev € F* such thatR; (F') = By (F).
Defined the an isomorphist: B, (F) — F*, [z] — z(see [2]). AlsoB; (F) = F*
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Weight 2. Let the introduced subgrou, (F) C Z[P1.] (see [2]) generated by cross ratio
of five terms be defined as

Z(—l)i[r[fio,...,/%i,...,/m] (2.3)

where

A(ko, k3) D[k, K2)
A(Iio, HQ)A(I{h Iig)

By introducing a mapy, : Z[PL/{0,1,00}] — A%F*, introduced agu] — (1 —

u) A u, it is also shown that the compositidn(R2(F)) = 0 (see [2]). Now, intro-
duced the group denoted I8 (F). It is the quotient group of module and its subgroup
Z[PL/{0,1,00}]/Ra(F). Let us introduce the Bloch-Suslin complex

r(Ko, ...y K3) =

By (F) L>/\2FX )

The morphisn is given as) : [u]s — (1 —u) Au
Weight 3. As formalized in [2]

ra (Ko, o i) = Alt(;A(HO’ K1, k3)A(K1, K2, ka) A(K2, Ko, Ks)

A(Ko, k1, a) DK, K, 15) DN (K2, Ko, K3)

it is also called the seven term relation. Let consider a subgiip’) € Z[P1L] [2] is
defined as

6

Rg(F) :Z(—l)i’l“g,(ﬁjo,...7,‘%2‘,...,I£6) (24)

=0

which is a seven term relation of the triple ratio. Goncharov defiigd”) as quotient
subgroupZ[PL]/R3(F), then the Goncharov’s polylogarithmic chain complex for weight
3is given by

Bs(F) — 2> By(F) @ F*X ——> p3px

Therefore the functional equations8f(F') are seven terms relation.
Weight 4. Suppose

ralkio, oo ) = AltgA(HO’ K1, K2, ka) A(K1, K2, K3, k5) A (K2, K3, Ko, ke ) A (K3, Ko, K1, K7)

N(Ko, k1, K2, k5)N(K1, K2, K3, k6) N\ (Ka, K3, Ko, k7)\(K3, Ko, K1, Ka)

and
8
Ry(F) = (=1)'ra(Ko, ooy iy ..y Fig), (2.5)
1=0
it is also known as a nine term relation. Now by defining the Bloch group for weight
4 denoted byB4(F) which is quotient subgroup ag[PL]/R4(F). Hence, functional
equations of34(F') is a 9 term relation in which total numbers of terms @f#) = 45360
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Weight 5. By introducing

o A(H07H17H27H37ﬁ5)A(H13Kj?a}{33/€4aKG)A(H27K/37K/47H07H7)
T5(H0, ceey Hg) Altlo .
A(ko, K1, K2, K3, k6 ) AN(K1, K2, K3, K4, K7) AN (K2, K3, K4, Ko, K8)
N(Ks3, K4, Ko, K1, K8) A (Ka, Ko, K1, K2, Kg) (2.6)
A (K3, K4, Ko, K1, K9) AN (Ka, Ko, K1, K2, K5) '
and also
10
Rs(F) = 3 (= 1)rs (o, s ity oy 10)- (2.7)
i=0

The above relation is an eleven term relation. So defigid’) = Z[PL]/Rs(F). There-
fore, functional equations d8;(F') is an eleven term relation in which total number of
terms arel1(9!) = 3991680

Weight 6. Similarly, if it has 12 points then

o N (Ko, K1, K2, K3, K4, K6) A(K1, K2, K3, K4, K5, k7) A(Ka, K3, K4, K5, Ko, Kg)
Te = Altlg .
AN(Ko, K1, K2, K3, K4, K1) A(K1, K2, K3, K4, K5, k8) A\(K2, K3, K4, K5, Ko, K9)
A(n 54755750751759)A(/€4,/€5,/€0,/€1,/€2,/il())A(f€5,f€07f€1,f€2,537511)
A(ﬁ?ﬂ/*647/657/*607f*fhfilo)A(/M,H5,/€0,H1,/€2,H11)A(f‘&5,Ho,fﬁ,HQ,H&HG)
and also
13
Ro(F) = (~1)'rs(ko, ..., £12) (2.9)
i=0

The above relation is a thirteen term relation.. So, by defiBgQF’) which is factor
subgroup defined a8[P1.]/Rs(F), functional equations oBs(F) is 13 term relation in
which total number of terms a8 (11!) = 518918400

Weight n. Goncharov defined generalized complex By(F) = Z[PL]/R,(F), where
the subgrougk,, (F) is kernel of the homomorphis®, : Z[P}.] — B,,_1(F)® F*. Here,
it is introduced as

A(Iio, K1y eeny Iin)A(Kjo, K2y .oy Hn+1)...A(I€0, ceey Iignfl)
ARy K1y ooy K1) DKoy K2,y ooy Kt 2) oo (K, oovy Koy )

Tn(I€07..., '“52n71) = Altzn

(2.10)
Now let’s define
2n )
R(F) = (=1)'rn (Ko, -y iy oo i) (2.11)
=0

It is 2n + 1 terms relation of the cross ratio @h points asB,,(F') is factor group of
Z[PL]/R,(F) and R, (F), therefore the generalized functional equation®gfF) are
(2n +1)(2n — 1)! terms forn > 3
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Weight Group Defining Functional Equation
1 Bi(F) 3 terms relation=3 terms
2 Ba(F) 5 terms relations=5 terms
3 Bs(F) 7 terms relations= 7(5)!= 840 terms
4 By(F) 9 terms relations= 9(7)!= 45360 terms
5 Bs(F) 11 terms relation=11(9)!= 3991680 terms
6 Bs(F) | 13 terms relation=13(11)!= 518918400 terms
n B.(F) | (2n+1) terms relations= (2n+1)(2n-1)! terms

3. BI-COMPLEX RELATION BETWEEN GRASSMANNIAN AND CLASSICAL
POLYLOGARITHMIC GROUPS

Goncharov proved that complexes between Grassmannian and classical polylogarithmic
are bi-complex up to weight 3 given as

3.1. Weight 2.
Go(3) —= G5 (3) —= Ga(3) (8)
A
G5(2) —L> G4(2) —2> G5(2)
iff
By (F)
where
Stz m0) = [ ez @12
Lemma 3.2. The generalized diagraifilis a bi complex, therefore
fiop=0 (3.13)
Proof. For proof see [13] O
3.3. Weight 3.
Gs(4) — Gr(4) —> Go(4) ©
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Ao ) = e s B mells O
Lemma 3.4. The generalized diagrai@d is a bi complex, therefore

fg’ op=20 (3.15)

Proof. For proof, see [13] O

3.5. Weight 4. Now, by connecting Grassmannian complex and Bloch group in weight 4
itis given as

Gro(5) —> Gy(5) —L= Gs(5) (D)

Pk

Go(4) —L> Gs(4) —> G- (4)

lf&‘
(
(
(

N(Ko, k1, K2, K1) N(K1, K2, K3, K5)...\(Ko, K1, K3, K7)

1
f3 (Ko, k) = —Altg[

)
56 A(Iio, K1, K2, I§35)A K1,K2,K3, Hﬁ)...A(Iio, K1, K3, I€4) 4

(3.16)
Lemma 3.6. The generalized diagraidlis a bi complex, therefore
fiop=0 (3.17)
Proof. let take nine point$xy, ..., ks) € Go(5), now use morphism then
8
p(li()7...7,‘€8) :Z(—l)i(ﬁo,...,,‘%i,...ﬁg) (318)
=0
then

8
1 A A VAN
f??op:Z(—l)’—Altg{ (Ko, K1, K2, K1) A(K1, K2, K3, Ks5) (/@07/‘617%37%7)}4

P 56 A(Ho,I<L1,I<£2,H5)A(I€1,IiQ,Iﬁg,Iiﬁ)...A(Ho,I<517I<L3,I<£4)
(3.19)
It is 9 terms relation belongs #,(F) and equal to zero, therefoffg o p = 0 ]
3.7. Weight 5.
Gi2(6) —> G11 (6) — > Gio(6) (E)
Pk b
d d
G11(45) —— G10(5) —— Go(5)
lff
Bs(F)
1 A(KJQ K1,KR2,K3 I€5)...A<I€0 K1,R2, K4 169)
5 _ 3 3 3 i ’ ’ ’ ’
f4 (H()’ U Hg) a 210Alt10 [A(HQ, KR1,K2,KR3, Kﬁ)...A(I{(), KR1,K2,KR4, I{5):|5 (320)
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Lemma 3.8. The generalized diagraifa is a bi complex, therefore
fiop=0 (3.21)

Proof. let take eleven pointésg, ..., k1) € G11(6), then

10
P(K0, ooy K10) = D _(=1)" (Ko, -oos R, ---K10) (3.22)
=0
then
10

fop =3 (~1)i 50 Al

A(I{Oa K1, K2, K3, K/5)~~A("$07 R1, K2, K4, "{9)
A(Ko, K1, K2, K3, K6)-.. A (Ko, K1, K2, K, K5)

]5 (3.23)

=0

It is 11 terms relation functional equati@nB5(F') and equal to zero, therefofg o p =
0 O

3.9. Weight 6.
G14(7) —L> G13(7) —L> G12(7) (F)

Pk b

G13(6) —L> G12(6) —L> G11(6)

if?

Bs(F)
1 A(ffo KR1,K2,K3,K4q H6)...A(HO KR1,K2,KR3,K5,K11
r6 _ 714” 9 9 9 9 9 9 9 9 9 9
fo (K/O7 7K/11) 792 2 A("{OvKlv"{27537’$47"{7)"'A(K:0aH13H23H3a/{/5al{/6) 6
(3.24)
Lemma 3.10. The generalized diagralif is a bi complex, therefore
f56 op=0 (3.25)
Proof. let (Ho, . /4312) S G13(7), then
12 )
p(/ﬁ), veey /€12) = Z(—l)l(lﬁ(], ceny l%i, ...:‘ilg) (326)
=0

12

o1
f3op= Z(*UZ@AZHZ
i=0

[A(/‘Eo, K1, K2, K3, K4, HG)---A(Hm K1, K2, K3, K5, /‘511)
N(Ko, K1, K2, K3, K4, £7)...A(Ko, K1, K2, K3, K5, K6 ) 16
(3.27)

It is 13 terms relatiore Bs(F) and equal to zero. Sff op =0 O
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3.11. Weight n.
Gonio(n+1) —> Goppr(n+1) =2 Gon(n + 1) (G)
k I k
Gani1(n) — > Gan(n) —2— Gap1(n)
B, (F)
n _ 1 Alt2 [A(Ko,lﬂll,...,K,L)A(Ho,ﬁg,...,H,H_l)...A(K]o,...,Iign_l)
n-1 2”Cn+1 " A(I{o,lil,...,I{nJrl)A(I{Q,FLQ,...,I{nJrQ)...A(Ii(),...,Iin) n
(3.28)
wheren > 3
Theorem 3.12. The generalized diagrai@lis a bi complex therefore
friop=0 (3.29)
Proof. let (ko, ..., kon) € Gant1(n + 1) apply mapp we get
2n
P(K0s ooy Bizn) = D (=1 (K0, ey By bz (3.30)
=0
no1°D=
2n

Z(_l)l 1 Ath |:A(H0a'%1’-"aﬁn)A(K}07ﬁ27"'7"31’L+1)"'A(K‘0a"'aHQn—l)
im0 Q"CnH " A(Ho,lﬁll,...,Iﬁln+1)A(/€o,KJ2,...,Hn+2)...A(I€0,...,I€n) n
(3.31)

Itis (2n + 1) terms relatiore B,,(F) and equal to zero, therefof@_, op =0 O

4. CONCLUSION

In this research work, generalized functional equations of classical polylogarithmic
group B,,(F) are introduced. Upto weight = 4, the functional equations have been
derived by other researchers, in this work it is extended upto any weightv.

This work has also generalized bi-complex form of Grassmannian configuration and clas-
sical polylogarithmic group chain complexes. Classical polylogarithmic groups have many
differential forms like tangential and infinitesimal therefore these generalized functional
equations will help other researchers to introduce functional equations of differential form
of polylogarithmic groups.
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