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Abstract.: The present paper represents the behaviour of fuzzy filters and
(o, B)-fuzzy filters in Quantale. The detailed study of relationship among
crisp filter, fuzzy filters anda, 3)-fuzzy filters in quantale are discussed.
An important part is played by quantale homomorphism which shows in-
verse image ofe, € Vq)-fuzzy filter is again(e, € Vq)-fuzzy filter. Un-

der (o, 8)-fuzzy map, it is seen that inverse image(ef 3)-fuzzy filter

is again a fuzzy filter under quantale homomorphism. The relationship
between fuzzy filter ande.,, €, Vgs)-fuzzy filters are also discussed.
Further, generalized approximation of fuzzy filtég, € Vq)-fuzzy filter
and(e, €, Vgs)-fuzzy filter are discussed.
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1. INTRODUCTION

Quantale theory was proposed by Mulvey [16]. It was based on defining an algebraic
structure on complete lattice. Since quantale was defined on complete lattice so there must
be a correlation between linear logic and quantale theory which was studied by Yetter, in
his study. He presented a new classes of models for linear intuitionistic logic [36]. In recent
years quantale is applied in vast research areas, like algebraic theory [12], rough set theory
[13, 20, 33, 35], topological theory [8], theoretical computer science [25] and linear logic
[7].

Fuzzy set theory, at first proposed by Zadeh [37], had given an important scientific and
mathematical tool to the description of those frameworks which are perplexing or uncer-
tain. The importance of combination of fuzzy sets and algebraic structures in terms of
belongingness and quasi-coincidence (presented by Ming and Ming [18]) had been ob-
served by relating different fuzzy algebraic structures to the techniques of belongingness
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and quasi-coincidence. For illustration, the ided®f3)- fuzzy ideals of hemirings was
proposed by Dudeki al., [5]. In terms of(e, € Vq)-fuzzy interior ideals, ordered semi-
groups was characterized by Khanhal., [10]. Maet al. studied(€, € Vvq)-fuzzy filters

of RO-algebras [14]. An(e,, €, Vqg;)- fuzzy interior ideals in ordered semigroups was
proposed by Khat al., [11]. The significance of these new types of notion is increased
further by the work of Maet al. They presented the idea 6f.,, €, Vgs)-types fuzzy
ideals of BC'I-algebras [15].(¢,, €, Vgs)-fuzzy ideals in semigroups were investigated
by Shabir and Alijointly [27]. Further,e.,, €, Vgs)-fuzzy substructures in quantales were
discussed by Qurashi and Shabir [23].

Moreover, fuzzy substructures in quantales were first investigated in [13]. They defined
rough fuzzy substructures of quantale. Fuzzy filters and their characteristics were pre-
sented by Wang and Liang [30]. Definition of L-fuzzy filters of quantales and their related
properties were expressed by Shan and Liu [29]. Generalized rough fuzzy substructures in
guantales were introduced by Qurashi and Shabir [19]. Some results related to fuzzy hy-
perideals of hyperquantales [6], were introduced by Farsag. Several authors related
fuzzy set theory to different algebraic structures like groups, rings, modules, semirings,
semigroups and ordered semigroups, etc. Some studies about regular and intra-regular
semirings in terms of bipolar fuzzy ideals, was investigated by Shahir. [28].

Rough set theory, introduced in 1982 by Pawlak [17], has a mathematical approach to
imperfect knowledge. Many authors applied the concept of rough set theory to algebraic
and fuzzy algebraic structures. Roughness in crisp substructures like Quantale, Quantale
module and Rings, were introduced by Yang and Xu [35], Qurashi and Shabir [20] and
Davvaz [3], respectively. Roughness in Hemirings was introduced bytAdi.[1]. Rough
Pythagorean fuzzy ideals in semigroups, were discussed by Hugsain [9]. Gener-
alization of approximation of fuzzy substructures in quantales in the forfepf Vq)
and (€., €, Vgs) were studied by Qurashi and Shabir [21, 22]. SubstructureB- of
semihypergroups [34], in terms of rough primelbhyperideals were studied by Yaqoob
et al. Generalized roughness (&, € Vq)-fuzzy types in quantale and hemirings were
introduced by Qurashi and Shabir [22] and Rameieal. [24], respectively. Concluding
the above discussion, it is the first attempt to investigate generalized fuzzy filters and their
approximations in quantale. In this study, it is important to observe that how complete
congruence plays an important role while studying approximatidreof V¢)-fuzzy and
(€4, €4 Vgs)-fuzzy types substructures.

The whole paper is organized as follows. After introduction, some related definitions
and results are presented in section 2 while section 3 presents fuzzy filtefsahd
fuzzy filters in quantales. The detailed study of relationship among crisp filter, fuzzy filters
and(«, §8)-fuzzy filters in quantale are discussed. Moreover, ufidef)-fuzzy map, it is
seen that inverse image 6k, 3)-fuzzy filter is again a fuzzy filter under quantale homo-
morphism. Further, these concepts are appliettae Vvq)-fuzzy filters of quantales in
section4 and important part is played by quantale homomorphism which shows inverse
of (€, € vq)-fuzzy filter is again(e, € Vvq)-fuzzy filter. (€., €, Vqgs)-fuzzy filters and its
relationship with fuzzy filters are stated in sectirMoreover, lower approximations and
upper approximations of fuzzy filter&, € Vq)-fuzzy filter and(e,, €, Vgs)-fuzzy filters
are studied in sectiof, under complete congruence and congruence relations.
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2. PRELIMINARIES

In the preliminaries, some definitions are introduced. These are necessary for further
discussion.

Definition 2.1. [26] A quantaleK = (K, ®) is a complete latticd{ having an associative
binary operation” ® ” satisfying

Y@ (Vierki) = Vier (y @ ki) and (Vieryi) ® k = Vier (4 @ k)

forall y,k € K and{y;},{k;} C K (i € I) wherel is an indexing set. Leti;, A, C K.
Then the following are defined as;

A1®A2 = {a1®a2\a1€A1, QQGAQ};
A VA, = {a1Va2|6L16A1,CL26A2};
VierAi = A{Viera; |a; € A;}.

Let) # Q1 C K. ThenQ); is known as a subquantale &f if it is closed underz and
arbitrary sup.

Throughout the paper, the symhl will represent for quantale. The symhaland T
will show the bottom and top element of quantale, unless stated otherwise.

Definition 2.2. [31] Let K be a quantale. A non-empty subgétof K is said to be a filter
of K if F). is an upper set and closed under That is

(1) Forall w € K and for allk € F., k < wimpliesw € F,;

(2) k,w € F, impliesk ® w € F, forall k,w € K.

Definition 2.3. [33, 35]Let K be a quantale. An equivalence relatibhon K is called
a congruence ok if for all k,w,z,y, k;,w; € K wherei € I, we havekQuw, xQy —
(k ® x)Q(w & y) andkiQwi (’L € I) — (\/igki)Q(\/ielwi).

Definition 2.4. [33, 35]A congruencé on a quantales is calledv-complete ifkVw]q =
[kla V [w]q forall k,w € K and is calledg-complete if it satisfief @ w]q = [k]a ® [w]a
for all k,w € K. A congruence which is boti-complete andr-complete is called a
complete congruence.

Example 2.5. Let (K, ®) be a quantale wher& is complete lattice shown in Figuiieand
® on the quantale is the same as the meet operation in the Idttias shown in Tablé.

Table.1

Q| Lle|flk[h]T

L)L LpL]L
e|lLllje|LlL]le|L]e

SIL L fIL]F]S

k|lLle| L]k |L]|E

Rl L| L[ f[L[Rh]|h

Tl Llel|f|k|h|T

The subsetd’y = {e,k, T}, F» = {f,h, T} and F5 = {k, T} of quantaleK are

examples of filters oK.
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FIGURE 1

A fuzzy subsef” of a quantaleK is a functionT' : K — [0,1]. Throughout this
paper we shall employM az: for maximum and\in for minimum in [0, 1], unless stated
otherwise. Moreover, the supremum and infimum for the elements of a quahiaik be
represented by the symbolsand A, respectively.

Definition 2.6. [30] LetI" be afsst of a quantaleX. Thenl is called a fuzzy filter ok if
(1) T'(k) < T(w) if k < w;
(2)T(k®@w) > Min{T(k),T'(w)} forall k,w € K.

From here onwardwve will write a fuzzy subset and fuzzy filter bfsst and FFR. If
I'; andl'; are fsst of K. ThenT'; C 'y if and only if T'; (k) < I'y(k) for all kK € K and
intersection of twof sst are defined agl’y m I'y) (k) = Min{T1(k),Ta2(k)}.

Definition 2.7. Let K, represent the characteristic function of a crisp subBgtof a
quantaleK. ThenKp, : K — [0, 1] is defined by

| 1, ifk € F,,
Kpr(k)—{ 0,ifk ¢ F,.

Itis obvious that) # F,. C K is afilter if and only if the characteristic functidd_ of
F.isaFFRof K.

Definition 2.8. [26] Let (K7, ®) and (K>, ®’) be two quantales. Thep: K; — Ks is
called a quantale homomorphisf@ H M) if,

(1) E(k@b) = &(k) @ &(b);

(2) f(\/lejk'l) = vzelg(kz) for all k,b S K1 and{kz} - K1 (Z € I)

A quantale homomorphisfQHM), £ : K1 — K, is called an epimorphism § is
onto K, and¢ is called a monomorphism { is one-one. If is bijective then it is called
an isomorphism. Itis clear thatif < b, then{ (k) < £(b).

Definition 2.9. [32] Let¢{ : K1 — K> be a mapping from a quantal&; to a quantale
K, and letl" andI"” be fsst inK; and K, respectively. Then the imageloinder£ and
the pre-image of’ under¢ are the fsstg(I') and¢ (1), respectively, defined as follows:
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Sup T(x), if &Y k)#0DVEkeKy;
(1) £) () = { reetm

0, otherwise
(2) 1T (k) =TV (E(k)) forall k € K.
If ¢ isa@QHM, then(T) is called the homomorphic image Bfunder¢ and ¢~ (1)
is called the homomorphic pre-imageldt

3. (a, B)-Fuzzy FILTERS IN QUANTALES

Let «, 5 represent one of,q, € Vq and€ Aq. Further, we will expres$'FR and
(o, B)-F F R for fuzzy filter and(«, 8)-fuzzy filter, respectively.

The following discussion is about the concept of belongingness and quasi-coincidence
of a fuzzy point with af sst.

A fsst T of K is called a fuzzy point if

_fp ifk=y
L(k) = { 0, otherwise
V k,y € K andp € (0,1] is its value wherey is the support of” is represented by the
symboly, is used to represent fuzzy point for a relation between fuzzy geiand af sst
I' in a setk, the meaning of the symbal,ag was explained by Pu and Liu, where;

(1) k, € T means thak, belongs td" if I'(k) > p

(2) kpql’ means thak, is quasi-coincident with’ if I'(k) + p > 1.

(3) kp(€ Vg)I meang:, belongs td” or k, is a quasi-coincident with that isI'(k) >
porI'(k) +p > 1. Also, k, (€ Ag)T denotes thak, € " andk,¢T.

Forafsst I' of K such thaf'(k) < 0.5 for anyk € K in the casé, (€ Ag)T', we have
I'(k) > pandl’(k) + p > 1. Thus 1 < I'(k) + p < I'(k) + I'(k) = 2I'(k). This shows
thatI'(k) > 0.5. Hence {k, : k,(€ Aq)T'} = 0. Thus, the case = € Ag is omitted.

If k, € T, kpql" or k,, (€ Vg)T' does not holdthen we write as, €T, k, g T or k,
(e vg) T, respectively. Thusi,al' means thak,oI" does not hold. Eaclfisst I" defined
on K can be characterized by level subsets. That is by the sets of thelfdrmp) =
{k € K : T'(k) > p} wherep € [0, 1]. An important part is played by the supportlafthat
issetl’'s = {k e K :T'(k) > 0}.

Proposition 3.1. LetT'; andI'; be FF Rs of a quantaleK. Then(T'y m ') is a FF R of
K.

Proof. Letkq, ks € K with k1 < ko. AsT'y andI'y are theF FR of K, so
Fl(kl) <I4 (k‘g) anng(kl) < Fg(kg)

— Mm(Fl(/ﬁ) Fg(k‘l)) < Min(rl(kg),rg(k‘g))

— (Fl m FQ)(kl) (Fl m FQ)(]CQ)
Next, a§‘1(k1®k2) > Mm(I‘l(kl) Fl(kg)) andrg(k1®k2) > Mm(I‘g(kl) (]{72)
— Min(l“l(k1®k2),1“2(k1®k2)) > Mm(Mm(Fl(kl) Fl(kg)) Mm(l—‘g(kl) FQ(
— Min(Fl(k1®k2),F2(k)1®k2 ) > Mm(Mzn{Fl (k‘l) Fg(kl)} Mm{l“l(kz), I's
- (Fl m FQ)(kl ® kg) > Mm((F1 m FQ)( ) (Fl m FQ)(k‘Q))
Therefore(T'; mI'y) isaFFR of K. O

)-
ka))
(k2)))

The next Proposition has simple proof and so is omitted.
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Proposition 3.2. A fsst, I' of K is a FF'R of a quantaleK if and only if() # L(T; p) for
all p € (0,1] is afilter of K.

Example 3.3. Consider the quantale discussed in Example 2.5. Filterg{oare K,
{f,h, T} {T} and{h, T}. Define afsstl' : K — (0,1] by ' = %2 4 &5 4 06 4
82 4+ G + 2. Then

K if 0<p<0.5
{f,h, T} if 05<p<06
LT;p)={ {h,T} if 06<p<0.7
(T} if 0.7<p<0.9
0 if 09<p<l1

Thus, by PropositioB.2, T"isa FFR of K.

Theorem 3.4. LetT" be afsst of K. Then() # L(T; p) is a filter of K for all p € (0.5, 1]
if and only if" satisfies the following:

(1) Maz(T'(y),0.5) > I'(k) with &k < y;

(2) Maz(I'(k ® y),0.5) > Min(I'(k),T'(y)) forall k,y € K.

Proof. Let L(T'; p) be a filter of K for all p € (0.5,1]. Then if there exist, w € K with
k < w such that the conditiofil) is not valid then M ax(I'(w),0.5) < I'(k) = r. Then
r € (0.5,1], k € U(T;r). Butr > I'(w) implies thatw ¢ L(I'; r), we get a contradiction.
Hence conditior(1) is valid.

If there arek, w € K such thatMin(T'(k),T'(w)) = s > Maz(T'(k ® w),0.5), then
k,w e U(T;s)ands € (0.5,1]. ButI'(k®@w) < s. Thusk®@w ¢ L(T'; s), a contradiction.
Hence conditior(2) is valid.

Converselylet conditions(1) and(2) be satisfied. Letv, k € K with w < k be such
thatw € L(T;p) for somep € (0.5,1]. ThenT'(w) > p. Sincew < k so it follows by
condition(1)

Maz(T'(k),0.5) > T'(w) >p > 0.5
so thatl'(k) > p, i.e.,k € L(I';p). Now, forw, k € U(T; p), we have
Maz(T'(w ® k),0.5) > Min(I'(w),T'(k)) >p > 0.5

and sal'(w ® k) > p. It follows thatw ® k € L(T';p). ThusL(T; p) is a filter of K~ for alll
p € (0.5,1]. O

The next definition is abouiy, 5)-F F'R.

Definition 3.5. LetI" be afsst of a quantaleK’. Thenl is called an(a, 3)-FFR of K if
it satisfies:

(1) zpal’ — y, 0T for z < y;

(2) zpal’ andy,al’ — (2 ® Y) pin(p,0)PT forall z,y € K andp, v € (0,1].

Proposition 3.6. Let K be a quantale and” be a non-zerq«, 8)-FFR of K. Then
', ={k e K |T'(k) > 0} is afilter of K.

Proof. Letk,u € K with k < wandk € I's. Then0 < I'(k). Suppose thaf(u) = 0. If
a € {€, € Vq}, thenkp(,yal butur,) AT for every3 € {€,q, € Vg, € Aq}, a contradic-
tion. Moreoverk, qI', butwu, 3T for everys € {€, ¢, € Vq, € Aq}, a contradiction. Hence
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I'(u) >0, thatisu € T's. Now letk, v € T's. ThenI'(k) > 0 andI'(u) > 0. Assume that
I'(k®u) = 0and leta € {€, € Vq}, thenkr ) ag andur ) ag but(k&w) i #(r (k)1 (u)) BT
for every3 € {€,q,€ Vvq,€ Aq}, a contradiction. Alsdc;qg andu;qg but (k ® u), 6T
for everys € {€,q, € Vg, € Ag}, a contradiction. Thug)(k ® u) > 0 andk @ u € Ts.
Thereforel',, is a filter of K. O

Proposition 3.7. Let K be a quantale and’, be a filter of K. Then afsst I of K such
that
[ >05 ifz€PF,
F(Z)_{ 0 if z€ K\F.

isan(a, € Vq)-FFRoOf K.

Proof. SupposeF’, is a filter of K.

(i) Letk,y € K with k& < y andm € (0, 1] be such that,,, € T'. Thenk € F, and
we havey € F,. If m < 0.5 thenT'(y) > 0.5 > m impliesT'(y) > m, and soy,, € T. If
m > 0.5 then['(y) +m > 0.5+ 0.5 = 1 andy,,qI". Hencey,, (€ V¢)T'. Letm,r € (0, 1]
andk,y € K with k,,, € T'andy,, € I". Thusk,y € F,. and we havé& @ y € F,.. If
Min(m,r) < 0.5thenT'(k ® y) > 0.5 > Min(m,r) and sol'(k ® y) > Min(m,r)
implies (k ® y)ainm,r) € . If Min(m,r) > 0.5 thenT'(k ® y) + Min(m,r) >
0.5+0.5=1and SO(]{? ® y)Mzn(m,r)qF Hence(k ® y)l\/[in(m,r)(e \/q>F

(ii) Letm € (0,1] andk,y € K with & < y be such thak,,¢I". Thenk € F, and
y > k € F, impliesy € F,.. If m < 0.5thenT(y) > 0.5 > m impliesT'(y) > m and so
Ym € L. If m > 0.5 thenI'(y) + m > 0.5 +0.5 = 1 andy,,,¢I". Hencey,,,(€ Vq)TI'. Let
k,y € K andm,r € (0, 1] be such thak,,qg andy,.qg. Thenk,y € F,. and stk ®y € F,.
If Min(m,r) < 0.5thenl'(k ® y) > 0.5 > Min(m,r) and sol'(k ® y) > Min(m,r)
implies (k ® y) min(m,r) € T. If Min(m,r) > 0.5 thenT'(k ® y) + Min(m,r) > 0.5 +
0.5=1and SO(k ® y)Mzn(m.,r)qF HenCE(k ® y)k[in(m,r)(e \/Q)F

(iii) Let m,v € (0,1] andy, k € K be such thay,, € I" or k,qI". ThenI'(y) > m
andI'(k) + v > 1. Thus,y,k € F, and soy ® k € F,, we havel'(y ® k) > 0.5. Thus,
(Y @ F) Min(m,v) € T for Min(m,v) < 0.5and(y @ k) prin(m,v)ql for Min(m,v) > 0.5.
ThUS(y ® k)]\h’n(m,v)(e Vq)r O

Definition 3.8. [2] LetI'; andI'; be two fsst of<; and K respectively and be a mapping
of K7 into K. Then¢ is said to be an(a, 8)-fuzzy map froni’; to I's if for all £ € K;
andt € (0,1], kaT'y implies(&(k)): 0T .

Proposition 3.9. LetT" be a fsst of a quantal& and¢ : Ky — Ky be aQHM. Then
(£(k))pal if and only ifk,a&H(T) for all k € K andp € (0, 1].

Proof. Leta = €. Then(£(k)), € T <= T(&(k)) > p < &1 (D)(k) > p <=k, €
E71T). Leta = g, then(é(k))pql <= T(E(k) +p> 1< D) (k) +p > 1+
k,qé~1(T). Similarly, the other cases can be obtained. a

Theorem 3.10.Let¢ : K1 — Ko bea@QHM. LetT'; andT's be(«, 5)-FFR of K; and
K, respectively. If is an(a, o)-fuzzy map fron'; to 'y, thené =1 (T'y) isan(«, 3)-FFR
of K.
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Proof. Letz,w € K. As¢isaQHM, so&(z),&(w) € K. Sincel'y is an(«, 3)-FFR
of K1, so
(a) zzal'y andz < w — w Ty
() ypal's, wyal'y — (Y @ W) arin(p,) BT for all y, z,w € Ky andp, v, t € (0, 1].
Also, since is an(«, «)-fuzzy map fronT'; to 'z, we have
(¢) (£(2))ial’s and€(z) < &(w) (order preserving
(d) (€(y))paT and (£ (w)),aly;
By PropositiorB.9, we obtain
(€) 20~ (I);
(f) ypos ™1 (I'2) andw,ap™ ! (T'a);
AsTy is an(a, §)-FFR of K5, hence we have
(9) £(w).fT;
(h)( ( )® f( ))J\/I'Ln(p v)ﬂFQa
but¢is aQHM as well hence
(Z) ( ) ®' E( ))Mzn (p, v)ﬁr2 B (f(y ® w))lﬂzn (p, v)ﬁr2
By Proposition3.9, we obtain (y ® w) afin(p.)8 1 (T2) and w86~ H(T'2). Hence
5 l(I‘Q)ISa(a ﬂ) -FFRof K;. O

4. (€,€ Vq)-Fuzzy FILTERS OF QUANTALE

(€, € vq)-fuzzy filter in quantale and characterization the filters of quantale in terms of
(€, € Vq)-fuzzy filter are introduced in this section. Next the shortened foFre Vq)-
FFR will be written for (€, € Vq)-fuzzy filter.

Definition 4.1. A fsst " of a quantaleX is called an(e, € Vq)-FF of K if it satisfies:
(1) 2 <y, 2z €T — yy(€ Vo)
(2) zp €l yp €T — (2@ Y) Min(p,0) (€ V@) forall z,y € K andp,v € (0,1].

Example 4.2. Consider the quantale in Example 2.5. [et= %5 4+ 06 4 0465 4 06 4

01 + 02 Thenlis an(e, € vq)-FFR of K. But

(1) Tisnotan(e, €)-FFRof K, sinceeg 5s € I'and fo.63 € I' but(e®f) arin(0.63,0.58) =
L0,53€F.

(2) 'isnotan(q, €)-FFRof K, sincefo.s2 € I'andko.s1 € T'but(f®k) prin(0.52,0.51) =
J_0_5€F.

(3)T'isnotan(e, ¢)-FFRof K, sincekq 57 € I'andhg 4 € T but(k®h) prin(0.57,0.4) €
I' = Logaql.

Lemma 4.3. A fsst, I' in a quantaleK is a F'F'R of K if and only if it satisfies
(1) w, eTandw < k — k, €T}
(2) kp,wy €T — (k@ W) prinp) € T'forall k,w € K andp, v € (0,1].

Proof. LetT be aF'F of K. Letw, € I for somev € (0,1]. ThenI'(w) > v. Since

TI'isaFF of K sq forw < k, we havev < I'(w) < I'(k). This shows thaf'(k) > v

Hencek, € I'. Considetk,w € K, p,v € (0,1] be such thak, € I andw, € I'. Then

I'(k) > pandl'(w) > v. ButT'is aFF of K sao we havel'(k ® w) > Min(T'(k),T'(w))

> Min(p,v). ThusI'(k ® w) > Min(p,v). This implies tha(k ® w) yrin(p,v) € T
Conversely suppose that satisfies the above two conditions. To show that for all

k,w e K andk < w impliesT'(k) < T'(w). LetT'(k) > I'(w) for somek, w € K. Then
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there exist® € (0, 1] such thaf*(k) > v > I'(w). Thenk, € T butw, €T, a contradiction
to the hypothesi§l). Now we show thai\/in(I'(k),['(w)) < T'(k ® w) forall w, k € K.
On contrary suppose thB{a ® ¢) < Min(T'(a),T'(c)) for somea,c € K. Letp € (0,1]
be such thal'(a ® ¢) < p < Min(I'(a),I(c)). Thenl'(a) > p andI'(c) > p but(a ® ¢),
€ I'. This contradicts our hypothes{8). ThusT'(k ® w) > Min(I'(k),T'(w)) for all
k,w € K. Hencel'is aF F R of a quantaley. 0

Remark 4.4. A fsst, I" of a quantaleK is a F'F' of K if and only ifT" is an (€, €)-F F of
K.

Theorem 4.5. A fsst T of K is an (€,€ Vvq)-FFR of K if and only if the following
conditions are satisfied:

(1) T'(y) > Min{T'(k),0.5} for k < y;

(2)T(k®y) > Min{l'(k),I'(y),0.5} forall k,y € K.

Proof. Let " be an(e, € Vvq)-FFR andk,y € K be such that < y. If T'(k) = 0,
thenT'(y) > Min(I'(k),0.5). LetI'(k) # 0 and assumeon the contrary thal'(y) <
Min(T'(k),0.5). Takewv € (0,1] such thatl'(y) < v < Min(I'(k),0.5). Case-1 If
I'(k) < 0.5, thenT'(y) < v < T'(k) and sok, € T buty,€r'. AlsoT(y) +v < 0.5 +
0.5 = 1 soy,ql’. Thus k, € T buty,(€ Vq)T', a contradiction. Case-2 (k) >
0.5 thenT'(y) < 0.5 and sokgs € T butyys € T andI'(y) + 0.5 < 1, i.e., yo.5qT,
again a contradiction. Hend&(y) > Min(I'(k),0.5) for all k,y € Q, with & < y.
Let w,y € K be such thal'(w ® y) < Min(I'(w),T'(y),0.5). Takep € (0,1] such
thatT'(w ® y) < p < Min(I'(w),T(y),0.5). Case-1 IfMin(I'(w),T'(y)) < 0.5 then
Nwe®y) <p < Min(T(w),I'(y)) andw,,y, € T but (w ® y),€l. Also we have,
Iwey)+p < 0.54+0.5 = 1, so(w®y),ql, a contradiction. Led.5 < Min(T'(w),[(y)).
Thenwg 5,405 € T but (w ® y)os€l andl(w @ y) + 0.5 < 1, i.e., (w @ y)o.5qL, again
a contradiction. Thug,(w ® y) > Min(I'(w),I'(y),0.5) forall w,y € K.

Conversely suppose that the conditiqii$ and (2) are satisfied. Letv,k € K and
w, € I'with w < k for somev € (0,1]. ThenI'(w) > v. By hypothesisT'(k) >
Min(T'(w),0.5) > Min(v,0.5). Case-1. Ifv < 0.5, thenT'(k) > v andk, € T. If v
> 0.5 thenT'(k) + v > 0.5+ 0.5 = 1 and sok,qT’, i.e, k, (¢ V ¢)T'. Letvy,ve € (0,1]
andw,k € K be such thatw,,, k,, € I'. ThenT'(w) > v; andI'(k) > vy and so
by hypothesis we have\/in(v;,vs,0.5) < Min(I'(w),I'(k),0.5) < I'(w ® k). Case-
1. If Min(vy,v2) < 0.5 thenT(w ® k) > Min(vy,v2) and (w @ k) arin(v,,0.) € T
Case-2. IfMin(vy,v2) > 0.5 thenT'(w ® k) + Min(v1,v2) > 0.5+ 0.5 = 1 and so
(W E) Min(v,02)09- HENCE(W R E) Arin (v, 00 (€ V@)T'. Consequenthyl” is an(e, € Vq)-
FFRof K. 0

Remark 4.6. A fsst, I of a quantaleK is an (&, € Vq)-FFR of K if and only if condi-
tions (1) and(2) of Theoremt.5 are satisfied.

We have the following Corollary from the above Definition.
Corollary 4.7. Every(e,e)-FF of K isan(e, € vVq)-FF of K.
Proof. The proof is simple. d

For(e, e vq)-FFRto be an(e, €)-FFR of K, some condition is imposed in the next
Proposition.
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Proposition 4.8. LetI" be an(e, € Vq)-FFR of K such thatl’(z) < 0.5 forall z € K.
ThenI'is an(e, €)-FF of K.

Proof. LetT" be an(e, € Vvq)-FFR of K such thaf’(z) < 0.5 for all z € K. Then by
Theoremd.5, if z < y thenI'(y) > Min(I'(2),0.5) = I'(z). Now if z,w € K then
I'(z®y) > Min(T'(2),T(y),0.5) = Min(T'(z),T(y). Hencel'is an(e, €)-FFR of K
by Lemma 4.3. O

Using Theoreml.5, the following characterizations df F'R of quantale are suggested.

Lemma 4.9. Let (K, ®) be a quantale an@ # F,. C K. Then theK_(characteristic
function) is an(e, €)-FFR of K if and only if F. is a filter of K.

Proof. Letw, k € K be such thak < w andk, € K, wherep € (0,1]. ThenKpg, (k) >
p > 0,and soKp, (k) = 1, i.e, k € F,.. SinceF, is a filter, we havew € F, and so
Kp.(w) =1 > p. Thereforew, € Kp,. Suppose, v € (0,1] andw, k € K be such that
wp € K, andk, € Kp,. ThenKp, (w) > p > 0andKg, (k) > v > 0, which show that
Kp (w) = Kp (k) = 1. Thusw, k € F, andF, is afilter sow ® k € F,.. It shows that
Kp (w®k)=12> Min(p,v) sothat(w ® k) yrin(p,0) € Kr, and consequentlir, is
an(e,e)-FFRof K.

Conversely, lef{r, be an(e, €)-FFR of K andw, k € F,.. Thenw; € Kr_andk; €
Kp, which show thatw ® k)1 = (w ® k) arina 1) € Kr,.. HenceKp, (w ® k) = 1, and
sow®k € F,. Letw,k € K andw < k be such thatv € F,.. ThenKr (w) =1, and
thusw; € Kp. . SinceKp, is an(e€, €)-FFR, sowe haves; € Kp.. ThusKp (k) =1
andk € F,. HenceF.. is afilter of K. O

Theorem 4.10. The K. is an(e, € vq)-FFR of K if and only if F. is a filter of K for
0 #4F.CK.

Proof. Supposes . be an(e, € Vq)-FFR of K andw, k € F,.. Thenw; € Kp. andk;
€ Kr, which show thatw ® k), = (w®k) arin(1,1) (€ V@) KF,. HenceK g, (w®k) > 0,
and sow ® k € F,. Letw,k € K andk € F, be such that < w. ThenKp, (k) = 1,
and thusk; € Kp,. SinceKp, is an(€,€ Vq)-FFR, so we havew; € K. Thus
Kp. (w) = 1. Hencew € F;.

Converselyif F. is a filter of K, then K, is an(€, €)-FF of K by lemmad4.9, and
thereforeK'r, is an(e, € Vq)-FF R of K by Corollary4.7. O

Theorem 4.11. A fsst T’ of K is an (€,€ Vq)-FFR of K if and only if L(T';p) =
{k € K : T'(k) > p} is afilter of K for all p € (0,0.5].

Proof. Supposd’ is an(&, € Vq)-FF of K. Letw,b € K be such thatv < b, and let
p € (0,0.5] be such thaty € L(T';p). ThenI'(w) > p and it is clear from Theorer.5(1)
that
I'(b) > Min(I'(w),0.5) > inf(p,0.5) = p

and sob € L(T;p). Letw,a € L(T;p) for somep € (0,0.5]. Then from Theorem
4.5(2), we havel'(w ® a) > Min(I'(w),I'(a),0.5) > Min(p,0.5) = p, and sow ® a €
L(T'; p).

Conversely let L(T';p) be a filter of K for all p € (0,0.5]. If there exista,y € K
with @ < y such thatl'(y) < Min(I'(a),0.5), selectv € (0,0.5] such thatl'(y) <
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v < Min(I'(a),0.5), thena € L(T';v) buty ¢ L(I';v), a contradiction. Henc&(y) >
Min(I'(a),0.5) for all a,y € K W|th a < y. If there existk,y € K such thatl'(k ®
(k),T(y), 05) Chooses € (0,0.5] such thatMin(T'(k),T'(y),0.5) >
)-

y) < Min(T
s > I'(k®vy). Thenk,y € L(T;s) butk @ y ¢ L(T;s), a contradiction. Hence
Min(T(k),T'(y),0.5) < T(k®y)forall k,y € K. By Theoremd.5, T is an(e, € Vq)-

FFRof K. O

Theorem 4.12. Let K, and K5 be two quantales anfl: K; — K, be aQHM. Letl
be(€,€ Vq)-FFR of K. Thené~1(T') is an (€, € Vq)-FFR of K;.
Proof. Letk,y € K be such thay < k. Then{(y) < (k).
EHI)(k) = T(E(k))
> Min{T'({(y)),0.5}
= Min{¢1(T)(y),0.5}.
Hence£ (D) (k) > inf{¢"(T)(y),0.5}
Now,

D)k @ w)

INES k;®w))
L(E(k) @ or(w)),
Min{I'({(k)), T'(§(w)),0.5}
Min{&¢1(T)(k),& () (w),0.5}.
Thus,& () (k @ w) >Mm{§ 1(F)( ), & HT) (w),0.5}.
By Theoremd.5, we haves (') is an(€, € Vq)-FFR of K;. O

fisaQHM

v

5. (67,67\/%)- Fuzzy FILTERS OF QUANTALE

In the present section, the more general formgok Vvq)-F F R are introduced.

Throughout the remaining paperé € [0,1], wherey < § anda, 3 € {€,,¢s, €,
Vgs, € Ngs}. Letk, be a fuzzy point and be a af sst of K. Then

(1) kp e, TIET(k) > p > 7.

(2) kpgsL if (k) +p > 24.

() kp(ey Vas)T if ky, €, T 0r kpgsT.

(4) kp(ey Ngs)Tif ky, €, T andkygsT.

(5) kpal'if k,ag does not hold fory € {€.,, g5, €4 Vgs, €4 Ags}.

Note that the case when= €., Ag; is omitted. Suppose thétis a f sst of a quantale(
suchthal'(k) < dforall k € K. Supposé € K andp € [0, 1] be such thak, (€, Ags)T.
Then it follows thatl'(k) > p > v andT'(k) + p > 25. Hence,26 < T'(k) +p <
I'(k) + T'(k) = 2T'(k), that isT'(k) > 6. This means thatk, : k,(€, Ags)'} = 0.
Therefore we are not taking the case whan= . Ags.

From here onwardve will write (€, €, Vgs)-FFR for (€., €, Vgs)-fuzzy filter.
Definition 5.1. LetT" be a fsst of a quantaleX. Thenl is said to be an(e., €, Vgs)-
FFRof K, if

(¥)1 wy €4 T — 2zy(€4 Vgs)T withw < z;

(¥)2 2p €4 Ty wy €4 T' — (2 @ W)inf(p,0) (€4 Vgs)I' forall z,w € K andp,v €
(7, 1].

Example 5.2. Consider Example.5. LetI' = &5 4 &6 4 0.65 4 0.6 4 0.72 4 091 Then
Tisan(€g3,€0.3 Vqo.6)-FFROf K.
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Theorem 5.3. LetI" be a fsst, of a quantaleK andI' be an(gs, €, Vgs)-FFR of K.
Then the following conditions hold:

(1) Max(T'(w),v) > Min(T'(k),d) with & < w;

(2) Maz(T(k ®@ w),v) > Min(T'(k),T(w),d) forall k, y, w € K.

Proof. Let k,w € K be such thallaxz(T'(w),v) < Min(T'(k),d) with & < w. Then for
all v < p < 1 such that

20 — Max(T'(w),~y) > p > 206 — Min(T'(k),0)
we have
26 —T(w) > 26 — Maz(T'(w),7y) > p > Max(2§ — T'(k),9)
Thatis,26 — T'(w) > p, 26 —T'(k) < p
and sg
I'(k)+p>20, I'w)+p<2§
andI'(w) < 0 < p. Hencek,¢sI" butw, (€, Vgs)T', acontradiction. Henc&/ ax (I'(w),v) >
Min(T'(k),d) with & < w.

If there existk, w € K such thatMaz(T'(k ® w),~v) < Min (I'(k),I'(w),d). Then for
all v < v <1 such that

26 — Maz(T'(k @ w),y) > v > 26 — Min(T'(k),I'(w),d)
we have
20 —T(k®@w) > 20 — Max(I'(k @ w),7v) >v > Maz(20 —I'(k),20 — I'(w), J)

We have2d —T'(k @ w) > v,20 —TI'(k) < v,20 —T'(w) <v
and so
T(k)+v>20, T'(w)+v>2 T'k@w)+v <26

andI'(k ® w) < § < v. Hencew,g;T', k,¢sI" but (k @ w), (€, Vgs)T', a contradiction.
ThereforeM ax(T'(k @ w),~) > Min(T(k),T'(w),d) forall k,w € K. O

Theorem 5.4. LetT be a fsst of a quantal&’. Thenl is an (€., €, Vgs)-FFR of K if
and only if the conditions below hold:

(1) k < wimpliesMaz(T(w),vy) > Min(T'(k), d);

(2) Maz(T'(k @ w),vy) > Min(T'(k),T'(w),d) forall k,w € K.

Proof. (x); = (1). If there existk, w € K with k < w such thatM az(T'(w),vy) < p <
Min(I'(k),d). ThenI'(k) > p > v, I'(w) < pandI’(w) + p < 2p < 24. This implies
thatk, €, I' butw,(€, Vgs)T', a contradiction. Hencgl) is valid.

(1) = (%)1. Assume that there exit w € K with k& < w andv € (v, d] such that
k, €, T butw,(e, Vgs)T', thenT'(k) > p > vandI'(w) < p andI'(w) +p < 24. It
follows thatT'(w) < § and henceMax(I'(w),v) < Min(I'(k), d), a contradiction.

(¥)2 = (2). Ifthere exist;, w € K suchthatM az(T'(k®@w),v) < v < Min(I'(k),T'(w), §).
ThenI'(k) > v > v, T(w) > v > v, butl' (k@ w) <vandl'(k@w) +v < 2v < 24, i.e,
k, €4 T, w, €, ' but(k ® w),(€, Vgs)T', a contradiction. Hencé/az(I'(k ® w),v) >
Min(T'(k),T'(w),d) forall k,w € K.
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(2) = (%)2. Suppose there exigtw € K andu,v € (v,d] such thatt, €, T
and Wy €y I' but (k ® w)Min(u,v)(ev vq5)F? thenr(k) > u >, F(’LU) > v >,
I'kew) < Min(u,v)andl'(k®@w)+Min(u,v) < 26. It concludes thaf (k®w) < § and
soMax(T(k ®@ w),v) < Min(T(k),T'(w),d), a contradiction. Hencgx), is valid. O

Corollary 5.5. Let~v,+,4,¢" € [0,1] be such thaty < §,+' < ¢, 9" < vandd’ < é.
Then everye,, €, Vgs)-FFRof Kisan(€,, €, Vgs )-FFROf K.

Example shows that converse of Corollary 5.5 is not true in general.

Example 5.6. Consider Examplé. LetI" be afsstof K as follows:
F:%+@+E+O'65+O'75+0'95.
1 e f k h T
Thenlis an(€p.3, €0.3 Vqo.4)-FFR of K butitis notan(€g s, €9.3 Vqo.o)-FFR of K.

For anyI" € (K), where(K') denotes the set of aflsst, of K, we define
I'y={ye K|y, e, T}foralve (y,1];

% ={y e K |y,qTl}foralve (v,1];
and

[T = {y € K | yo(€, Vgs)I'} forall v € (v, 1].
It follows that[I']> = T",, UT?.
Now, we characterizéc, €, Vg;)-FFR of K by their level sets.

Theorem 5.7. LetI" € K. Then

(1) Tisan(e,, €, Vgs)-FF of K if and only ifd # T, is filter of K for all v € (v, d].

(2) If 26 = 1 4 ~, thenT'is an(&,, €, Vgs)-FFR if and only if "% (+ 0) is a filter of
K forall v € (4,1].

(3)If 26 = 1+, thenT is an (€., €, Vgs)-FFRif and only if[T']3 (# 0) is a filter of
K forall v € (v, 1].

Proof. (1). LetI be an(e,, €, Vgs)-FFR of K. Supposer,w € K with w < z and
v € (v,6] be such thatv € T',. Thenw, €, I" and sincd’ is an(e,, €, Vgs)-FFR of
K,s0z,(€, Vgs)T. If z, €, T, thenz € T', and if z,¢5T, thenI'(z) > 20 —v > v > 7,
thatis z € T',. Now we have to show that®@ w € I, forall z,w € T',,. Letz,w € K
be such that,w € T, for somev € (v,4¢]. Thenw, €, I"andz, €, I', and sincel
is an (e, €, Vgs)-FF of K, therefore(w ® z),(e, Vgs)I'. If (wV z), €, T, then
(w®z)el,andif(w ® z),qs0, thenl'(w ® z) > 20 —v > v > v, thatisw® z € T',,.
ThusT',, is filter of K.

Conversely suppose thaf # T, is a filter of K for all v € (v,d]. Letz,w € K
with z < w and Maxz(T'(w),v) < Min(I'(z),d). Then there exist € (v, d] such that
Maz(I'(w),v) < v < Min(I'(z),d). This shows that, €, I';thatisz € I', but
w ¢ T',, a contradiction. ThusM ax(I'(w),y) > Min(T'(z),d) with z < w. Letz,w €
K and Maz(T'(z ® w),v) < Min(I'(z),I'(w),d). ThenMaz(T'(z ® w),vy) < v <
Min(T'(z),T'(w),0) for somev € (v,4]. This implies that: € T', andw € T, but
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(z ® w) ¢ T, a contradiction. Therefore\laz(T'(z ® w),y) > Min(['(z),T'(w),?d).
Consequentlyl’ is an(€~, €4 Vgs)-FFR of K by Theoren®.4.

(2). LetI' be an(e,, €, Vgs)-FFR of K. Letz,w € K with w < z be such that
w € T%. Thenw,q;T, thatisT(w) +v > 26 = I'(w) > 26 — v > 26 — 1 = ~. Thus,
I'(w) > v. By hypothesiswe have

Maz(T(z),v) > Min(I'(w),0)

=T(z) > Min(20 —v,9)

Sincev € (4,1, <v<1=2—v <J <v. ThusT'(2) > 2§ —v = I'(z)+v > 26.
Hence,z € Y.

Now we have to show that @ w € T for all z,w € T%. Letz,w € K be such that
z,w € %, Thenw,¢;T andz,q;T, thatisT(w) +v > 20 = I'(w) > 20—v > 25—1 =1
and similarlyl’(z) > ~. By assumptionwe have

Maz(T(z @ w),vy) > Min(T'(w),T'(2),9)
=T(zew) > Min(20 —v,20 —v,9)

Sincev € (§,1],d < v <1 =>20-v<d<wv SAaTz@w) > 2-—v =
['(z®w)+v > 2. Hencez @ w € T9.

Converselysuppose that # T is a filter of K for all v € (8, 1]. We show thal” is an
(€4,€4 Vgs)-FFR. Letz,w € K with z < w be such that,¢;I". Let Maz(I'(w),v) <
Min(I'(2),6). Then

26 —inf(T'(2),6) < 286 — sup(T(w),7)
= Max(20 —T'(2),0) < Min(26 — T'(w), 26 — 7).

Takep € (4,1] such thatM az (26 — I'(2),0) < p < Min(26 — I'(w), 26 — 7). Then
20 —-T'(2) <pand2d —T'(w) > p = I'(2) +p > 26 andI'(w) +p < 24. This shows that
zpqsL; thatisz € I') butw ¢ '), a contradiction. Hencé//ax(T'(w),v) > Min(T(z), )
with z < w. Letz,w € K andMaz(T'(z ® w),vy) < Min(T'(z),[(w),d). Then2d —
Min(T'(2),T(w),0) < 26 — Mazx(T'(z ® w),v) = Max(2§ — T'(2),26 — T'(w),d) <
Min(2§ — T'(z @ w),25 — 7). There existu € (4, 1] such thatMaxz(26 — I'(z), 26 —
I'w),d) <u < Min(2d —T'(z ® w),25 — ). Then2§ —T'(z) < u, 2§ — I'(w) < w and
20 —T(z@w) >u=T(z)+u>20,(w)+u>25butl’(z ® w) +u < 2§. Thus,
z € TS andw € T but (2 ® w) ¢ I'Y, a contradiction. Therefor#/az(T'(z ® w),~) >
Min(I'(z),T'(w), d). Consequentlyl" is an(e,, € Vgs)-FFR of K by Theorenb.4.

(3). The proof of par8 is a a routine verification and similar to the proof of partnd
2. Hence omit here. O

6. GENERALIZED APPROXIMATION OFFUZzzY FILTERS

In this section, approximations of generalized fuzzy filters with respect to congruence
relations are presented here.

Theorem 6.1. LetT" be aF F'R of a quantaleK and(2 be aCCR. ThenQ(T") isaFFR
of K.

Proof. LetI" be aFFR of K. ThenI'(a ® ¢) > Min{I'(a),I'(c)} and ifa < c then
I'(a) < T(c) for all a,c € K. Sincef is aCCR, so|[z]q V [w]g = [z V w]g and
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[z]la ® [w]g = [z ® w]g for all z, w € K. Sincel' is a FFR and letc < d. Then
I'(c) < T(d) . This shows tha®(T')(c) < Q(T)(d).
Consider,

QD) (p®q) = ue[&q]nF(U)

A
u€[pla®[qle
Now sinceu € [pla ® [¢]q SO there exist € [p]g ands € [¢]q such thatu = r ® s.

Thus,

O A ()
> A Min{T(r),T(s)}

r®s € [pla®ldla
_ A Min{T(r),T(s)}
r € [pla, s€[q]a
= Min{ A I(r), A F(S)}
relpla s€lqla
= Min{QT)(p),2T)(q)}.
Hence Q(T) (p®q) > Min{Q(T)(p), 2(T)(q)} forall p,q € K. ThusQ(T') isaFF R

of K. a
Table.2
Q| Lli|lg|T
Ll Ljalg|T
| Lli|j|T
jlLlilg|T
T L|e|g]T

FIGURE 2

The next Example shows that lower approximatiod'df R of K is not necessary' F'R
by usingCR.
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Example 6.2. Let K be a complete lattice shown in Figand operation® on K is shown
in Table2. Let$) be anER on K with theQ-equivalence classes beifg T}, {L}, {j}.
Then obviously§2 is aCR on K but notCCR. Letl' = &2 4 26 4 % + 28, Thenl’
is FFR of K. The lower approximation df of K is Q (F) = 5% + 88 4 &8 4 00 tis
observed that fofT > j, we haveQ (I')(T) # Q (I')(j). ThusQ (r ) is not FFR of K
while usingCR.

Theorem 6.3. LetQ be aC'R andI” be aF F R of a quantalek’. ThenQ(I') is a FF R of
K.

Proof. Let 2 be aCR in K. Then obviouslypla ® [¢la C [p ® ¢]q for all p,q € K.
AlsoT isaFFRandifp < g thenT'(p) < T(g) andl'(p ® ¢) > Min{T'(p),T'(¢)} for all
p,q € K. Sincel'(p) < T'(q) = Q(I')(p) < A(T')(q)

Consider,
Min {Q(T)(p),2T)(q)} = Mzn{ v T'(r), Vv F(S)}
r€[plo s€lgle
= Y% Min{T(r),T'(s)}
r € [pla, s€lgla
= v Min{T(r),T'(s)}
T®s € [pla®ldla
< V I(res)
T®s € [pla®ldla
< V I(res)
T®s €[pQqla
B = Q(F)(p®q)
Hence,Q(I')(p ® q) > Min {Q(T)(p), UT)(q)} for all p,g € K. ThusQ(I) is a
FFRof K. (|

Now approximations are applied tg, € vVq)-FF R of quantales.

Theorem 6.4. Let{2 be aCCR andT be an(e, € Vq)-FFR of quantaleK. ThenQ(T")
isan(e, e Vq)-FFRof K.

Proof. Since(2 be aCCR, we havek]o ® [w]q = [k @ w]q.

Consider,
onkew) = A T
u € [kQw]a
= A T(u)
u € [k]lo®[w]a

Asu € [k]q ® [w]q, therefore there arg € [k]q andg € [w]q such thaty = p ® q.
Hence,

Q) (k@ w) = A I'(p®q)
PR9E[k]o®[w]a
> A Min[l'(p),T(q),0.5] by Theorem 4.5

p € [kla, q € [w]a

Min { (p e/[\k QI‘( D) <q e/[\w]QF(Q)> 70.5}
= Min{Q(I)(k), I)(w),0.5}

HenceQ(I') (k ® w) > Mm{Q(F)( ), Q) (w),0.5} VEk,we K.

Letw < k. ThenI'(w) < I'(k). This shows thaf2(I")(w) < Q(T")(k) and obviously
Min{Q(I')(w), 0.5} < Q(I) (k).

HenceQ(T') (k) > Min{Q(T)(w),0.5}. ThusQ(T')isan(e, € Vq)-FFRof K. O
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Table.3
Lld|lj|k|T
Ll Ljilj|k]|T
| Lye|jl kT
jlLliljlk|T
k|l L|d|g|k]|T
Tl L|i|lj|k]|T
FIGURE 3

The next Example shows that lower approximation(efe Vq)-FFR of K is not
necessarye, € Vq)-FFR by usingCR.

Example 6.5. Let K be a complete lattice shown in Figand operationz on K is shown
in Table3. Then(K, ®) be a quantale. Lef2 be anE'R on K with 2-equivalence classes
are {1}, {i,k}, {j}, {T}. ThenQis CR on K and it is notCCR. LetI be fsst ofK’
define byl = &4 4 &4 4 82 4 88 4 0T Thenl'is a (€,€ Vg)-FFR. The lower
approximation of €, € Vq)-FFR of K is given as(I') = %% + %4 4 05 4 04 4 01,

It is obvious thatQ}(T") is not (€, € Vq)-FFR of K because foik > j the condition
Q) (k) # Min{Q(T)(5),0.5} is not satisfied.

The next Theorem follows from Theorem 6.4.

Theorem 6.6. Let2 be aCR andT be an(€, € Vq)-FFR of a quantalek. ThenQ(I")
isan(e€, € Vq)-FFRof K.

Theorem 6.7. LetQ2 be aCCR andI be an(e.,, € Vgs)-FFR of K. ThenQ(I') is an
(€4,€4 Vgs)-FFROf K.

Proof. Letk,y € K and~,§ € (0,1] such thaty < 4. SinceQ is aCCR, so we have
[k ®yla = [k]lo ® [y]q. Consider

Max {Q(T)(k®y),v} = Max{ A F(u),’y}
u€[k®yla
= A Max{T(u),
el az {T'(u), 7}
= A M T'(u),~}.
u€lklo®yle am{ () 7}
Sinceu € [k]q ® [y]q, there exisp € [k]n andq € [y]q such that: = p ® ¢. Sq
Mazx{Q(T)(k®y),v} = A Mazx{T'(p® q),7}
pRqEkla®yle
> A Min{T'(p),T'(q), 0}
pRqEkla®yle
= A Min{T'(p),T'(q),d}
p € [kla, q € [y]a
Min{ A _ T(p), A T(qg),0}
p € [kla q€ [yla

Min{Q(T)(k), Q(T) (1), 5.
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Thus we haveMaz {Q(I')(k ® y), v} = Min{Q(T)(k), 2(I')(y), 0}
Furthermorelet w < k. Thenw V k = k. SinceQ is aCCR, so[k|q = [w V k]g =
[kl V [w]a.
Consider
Max{Q(T)(k),7} = Maz{ M I'(u), v}
= A Mazx{T(u),~}.
u€ [kloViwla { ) ’Y}
Sinceu € [k]q V [w]q so there exist € [k]g andb € [w], such thatu = a vV b. As
aVb>b. We have

Max{Q(T')(k),~} = vhe [k/]\nv[w]nMax{I‘(a Vb),~v}
= A Maxz{T'(aV b),v}

ac [k]Q, be [w]Q

> A Min{T'(b),s
2 e ve tol {T'(b), 0}

= Min{ _ /S;(w)l“(b),d}
= Min{Q(T)(w),d}.
Thus we haveM az{Q(T")(k), v} > Min{Q(T)(w),§}. Therefor&2(T") isan(e~, €, Vgs)-

FFRof K. O
Table.4
Q| Lli|g|l|k|T
Ly Ljilg|l|k|T
| Li|j|L|k]|T
jlLlialjll]|k]|T
kK|l L|i|j|l|k]|T
Ll L)daljl|l|k|T
Tl Lli|g|l|k|T
FIGURE4

The following Example shows that lower approximatior(ef,, €, Vgs)-FFR of K is
not necessaryc.,, €, Vgs)-FFR by usingCR.

Example 6.8. Let K be a complete lattice shown ifig.4 with ® be a binary opera-
tion shown in Tablel. Then(K,®) be a quantale. Lef) be anER on K with the(2-
equivalence classes beifd }, {:}, {71}, {k} {T}. Clearly,Q2is aCR but not aCCR.
LetT be a fsst ofK” defined byI" = &2 + &3 4 04 + 05 4 06 4 07 Thenl is an

(€0.2,€0.2 Vqo.7)-FFR. SinceQ(T") = %2 + 07 + 04 O,f + 04 4 + 97 7 . Itis clear that
Q(T) is not an(€g 2, €0.2 Vqo.7)-FF R while t klngOR Since forl > kwithy = 0.2

andd = 0.7, the conditionM az(Q(T')(1),0.2) # Min(2(T)(k),0.7) with i > k is not
satisfied.
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Theorem 6.9. LetI" be an(e,, €, Vgs)-FFR of a quantaleX” and 2 be aCR. Then
Q) isan(e,, €, Vgs)-FFROf K.

Proof. LetI' be an(e,, €, Vgs)-FFR. Letk,w € K andvy,d € (0,1] be suchthat < 4.
Letk <w. Thenk Vv w = w.

Consider
Min{Q(T)(k),6} = Min{ v I'(z),d}
aS Q
= vV Min{l'(x),d}.
z€ [k]a

SinceQ is aCR, so[klq V [w]a C [k V w]q = [w]q for z € [k]q andy € [w]q. AS
rVy > x. We have
Min{Q()(k),d} = Yk] Min{T'(z),0}
TE Q

< v Maz{T'(z Vy),~}

T a€ [kla, y€ [w]o

= Vv Moaz{I'(z V y),~}

zVyE [klaV[w]o

< v Max{T'(zVy),v}
zVy€E [kVwla

vV Maa{D(u),}

u€ [kVwla
vV Max{T'(u),v}

u€ [wlo

= Max{ue\[/w]ﬂf(u), ~}

= Maz{Q()(w),7}.
Thus we haveM az{Q(T)(w), v} > Min{Q(T)(k),0}.
Further, consider
Min{Q(T)(k), AT)(w)), 6} = Min{ v T(a),, v T(),5}
= . [k]nﬂe [w]QMin{F(a), r'(b),d}
SinceQis aCR, so[k]q ® [w]q C [k ® w]q, we have

Q
Min{Q()(k), QT)(w)),d} = - [k‘]Q\,/bE [w]QMin{F(a), I'(b),d}
< v Maz{T'(a ®b),~}

a€ [k]a,bE [w]a

= \Y Maz{I'(a ® b),
a®be [k]o®[w]a { ( ) ’Y}

< Vv Maz{T'(a ®b),
- a®be [k‘,@”{l)]g { ( ) /y}

- Magc{u;E Ugé@ﬂgF(u), ~}
= Maz{Q)(k®w),v}
Thus we haveMaz {Q()(k ® w),v} > Min{QT)(k),Q()(w),s}. Therefore

Q) isan(e,, €y Vgs)-FFRof K. O

7. CONCLUSION

In the present paper, we substitute a universe set by a quantale, and introduce the char-
acterizations of quantale biyy, 5)-fuzzy filter by using fuzzy points. It is additionally
demonstrated that by utilizing g, 5)-fuzzy map, the inverse image of an, 3)-fuzzy
filter under quantale homomorphism is ém, 3)-fuzzy filter. It is also investigated that
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homomorphicimage of an (€, € Vq)-fuzzy filter underquantalehomomorphismis an
(€, € Vq)-fuzzy filter. In the last section,more generalform of (€, € Vvq)-fuzzy filter
are introduced. The relationshipbetweenordinary filters and fuzzy filters of the type
(e4,€4 Vgs) is also constructed. Keen observationis carried out while finding lower
approximationof fuzzy filters andof thetype (¢, € V¢)-FFR and (€., €, Vgs;)-FFR
with the help of completecongruence.lt is observedhat completecongruencds com-
pulsoryto find out lower approximationduzzy filters of the type (€,€ vq)-FFR and
(€+,€4 Vgs)-F'FR.
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