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Abstract.: The present paper represents the behaviour of fuzzy filters and
(α, β)-fuzzy filters in Quantale. The detailed study of relationship among
crisp filter, fuzzy filters and(α, β)-fuzzy filters in quantale are discussed.
An important part is played by quantale homomorphism which shows in-
verse image of(∈,∈ ∨q)-fuzzy filter is again(∈,∈ ∨q)-fuzzy filter. Un-
der (α, β)-fuzzy map, it is seen that inverse image of(α, β)-fuzzy filter
is again a fuzzy filter under quantale homomorphism. The relationship
between fuzzy filter and(∈γ ,∈γ ∨qδ)-fuzzy filters are also discussed.
Further, generalized approximation of fuzzy filter,(∈,∈ ∨q)-fuzzy filter
and(∈γ ,∈γ ∨qδ)-fuzzy filter are discussed.
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1. INTRODUCTION

Quantale theory was proposed by Mulvey [16]. It was based on defining an algebraic
structure on complete lattice. Since quantale was defined on complete lattice so there must
be a correlation between linear logic and quantale theory which was studied by Yetter, in
his study. He presented a new classes of models for linear intuitionistic logic [36]. In recent
years quantale is applied in vast research areas, like algebraic theory [12], rough set theory
[13, 20, 33, 35], topological theory [8], theoretical computer science [25] and linear logic
[7].

Fuzzy set theory, at first proposed by Zadeh [37], had given an important scientific and
mathematical tool to the description of those frameworks which are perplexing or uncer-
tain. The importance of combination of fuzzy sets and algebraic structures in terms of
belongingness and quasi-coincidence (presented by Ming and Ming [18]) had been ob-
served by relating different fuzzy algebraic structures to the techniques of belongingness

253



254 Saqib Mazher Qurashi and Muhammad Shabir

and quasi-coincidence. For illustration, the idea of(α, β)- fuzzy ideals of hemirings was
proposed by Dudeket al., [5]. In terms of(∈,∈ ∨q)-fuzzy interior ideals, ordered semi-
groups was characterized by Khanet al., [10]. Ma et al. studied(∈,∈ ∨q)-fuzzy filters
of RO-algebras [14]. An(∈γ ,∈γ ∨qδ)- fuzzy interior ideals in ordered semigroups was
proposed by Khanet al., [11]. The significance of these new types of notion is increased
further by the work of Maet al. They presented the idea of(∈γ ,∈γ ∨qδ)-types fuzzy
ideals ofBCI-algebras [15].(∈γ ,∈γ ∨qδ)-fuzzy ideals in semigroups were investigated
by Shabir and Ali jointly [27]. Further,(∈γ ,∈γ ∨qδ)-fuzzy substructures in quantales were
discussed by Qurashi and Shabir [23].

Moreover, fuzzy substructures in quantales were first investigated in [13]. They defined
rough fuzzy substructures of quantale. Fuzzy filters and their characteristics were pre-
sented by Wang and Liang [30]. Definition of L-fuzzy filters of quantales and their related
properties were expressed by Shan and Liu [29]. Generalized rough fuzzy substructures in
quantales were introduced by Qurashi and Shabir [19]. Some results related to fuzzy hy-
perideals of hyperquantales [6], were introduced by Farooqet al. Several authors related
fuzzy set theory to different algebraic structures like groups, rings, modules, semirings,
semigroups and ordered semigroups, etc. Some studies about regular and intra-regular
semirings in terms of bipolar fuzzy ideals, was investigated by Shabiret al. [28].

Rough set theory, introduced in 1982 by Pawlak [17], has a mathematical approach to
imperfect knowledge. Many authors applied the concept of rough set theory to algebraic
and fuzzy algebraic structures. Roughness in crisp substructures like Quantale, Quantale
module and Rings, were introduced by Yang and Xu [35], Qurashi and Shabir [20] and
Davvaz [3], respectively. Roughness in Hemirings was introduced by Aliet al.[1]. Rough
Pythagorean fuzzy ideals in semigroups, were discussed by Hussainet al. [9]. Gener-
alization of approximation of fuzzy substructures in quantales in the form of(∈,∈ ∨q)
and (∈γ ,∈γ ∨qδ) were studied by Qurashi and Shabir [21, 22]. Substructures ofΓ-
semihypergroups [34], in terms of rough prime bi-Γ-hyperideals were studied by Yaqoob
et al. Generalized roughness in(∈,∈ ∨q)-fuzzy types in quantale and hemirings were
introduced by Qurashi and Shabir [22] and Rameezet al. [24], respectively. Concluding
the above discussion, it is the first attempt to investigate generalized fuzzy filters and their
approximations in quantale. In this study, it is important to observe that how complete
congruence plays an important role while studying approximation of(∈,∈ ∨q)-fuzzy and
(∈γ ,∈γ ∨qδ)-fuzzy types substructures.

The whole paper is organized as follows. After introduction, some related definitions
and results are presented in section 2 while section 3 presents fuzzy filters and(α, β)-
fuzzy filters in quantales. The detailed study of relationship among crisp filter, fuzzy filters
and(α, β)-fuzzy filters in quantale are discussed. Moreover, under(α, β)-fuzzy map, it is
seen that inverse image of(α, β)-fuzzy filter is again a fuzzy filter under quantale homo-
morphism. Further, these concepts are applied to(∈,∈ ∨q)-fuzzy filters of quantales in
section4 and important part is played by quantale homomorphism which shows inverse
of (∈,∈ ∨q)-fuzzy filter is again(∈,∈ ∨q)-fuzzy filter. (∈γ ,∈γ ∨qδ)-fuzzy filters and its
relationship with fuzzy filters are stated in section5. Moreover, lower approximations and
upper approximations of fuzzy filters,(∈,∈ ∨q)-fuzzy filter and(∈γ ,∈γ ∨qδ)-fuzzy filters
are studied in section6, under complete congruence and congruence relations.
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2. PRELIMINARIES

In the preliminaries, some definitions are introduced. These are necessary for further
discussion.

Definition 2.1. [26] A quantaleK = (K,⊗) is a complete latticeK having an associative
binary operation”⊗ ” satisfying

y ⊗ (∨i∈Iki) = ∨i∈I (y ⊗ ki) and(∨i∈Iyi)⊗ k = ∨i∈I (yi ⊗ k)

for all y, k ∈ K and{yi}, {ki} ⊆ K (i ∈ I) whereI is an indexing set. LetA1, A2 ⊆ K.
Then the following are defined as;

A1 ⊗A2 = {a1 ⊗ a2 | a1 ∈ A1, a2 ∈ A2} ;
A1 ∨A2 = {a1 ∨ a2 | a1 ∈ A1, a2 ∈ A2} ;
∨i∈IAi = {∨i∈Iai | ai ∈ Ai} .

Let ∅ 6= Q1 ⊆ K. ThenQ1 is known as a subquantale ofK if it is closed under⊗ and
arbitrary sup.

Throughout the paper, the symbolK will represent for quantale. The symbol⊥ and>
will show the bottom and top element of quantale, unless stated otherwise.

Definition 2.2. [31] LetK be a quantale. A non-empty subsetFr of K is said to be a filter
of K if Fr is an upper set and closed under⊗. That is

(1) For all w ∈ K and for allk ∈ Fr, k ≤ w impliesw ∈ Fr;
(2) k,w ∈ Fr impliesk ⊗ w ∈ Fr for all k, w ∈ K.

Definition 2.3. [33, 35] Let K be a quantale. An equivalence relationΩ on K is called
a congruence onK if for all k, w, x, y, ki, wi ∈ K wherei ∈ I, we havekΩw, xΩy =⇒
(k ⊗ x)Ω(w ⊗ y) andkiΩwi (i ∈ I) =⇒ (∨i∈Iki)Ω(∨i∈Iwi).

Definition 2.4. [33, 35]A congruenceΩ on a quantaleK is called∨-complete if[k∨w]Ω =
[k]Ω∨ [w]Ω for all k,w ∈ K and is called⊗-complete if it satisfies[k⊗w]Ω = [k]Ω⊗ [w]Ω
for all k,w ∈ K. A congruence which is both∨-complete and⊗-complete is called a
complete congruence.

Example 2.5. Let(K,⊗) be a quantale whereK is complete lattice shown in Figure1 and
⊗ on the quantale is the same as the meet operation in the latticeK as shown in Table1.

Table.1
⊗ ⊥ e f k h >
⊥ ⊥ ⊥ ⊥ ⊥ ⊥ ⊥
e ⊥ e ⊥ e ⊥ e
f ⊥ ⊥ f ⊥ f f
k ⊥ e ⊥ k ⊥ k
h ⊥ ⊥ f ⊥ h h
> ⊥ e f k h >

The subsetsF1 = {e, k,>}, F2 = {f, h,>} and F3 = {k,>} of quantaleK are
examples of filters ofK.
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FIGURE 1

A fuzzy subsetΓ of a quantaleK is a functionΓ : K −→ [0, 1]. Throughout this
paper, we shall employMax for maximum andMin for minimum in [0, 1], unless stated
otherwise. Moreover, the supremum and infimum for the elements of a quantaleK will be
represented by the symbols∨ and∧, respectively.

Definition 2.6. [30] LetΓ be afsst of a quantaleK. ThenΓ is called a fuzzy filter ofK if
(1) Γ(k) ≤ Γ(w) if k ≤ w;
(2) Γ(k ⊗ w) ≥ Min{Γ(k),Γ(w)} for all k, w ∈ K.

From here onward, we will write a fuzzy subset and fuzzy filter byfsst andFFR. If
Γ1 andΓ2 arefsst of K. Then, Γ1 ⊆ Γ2 if and only if Γ1(k) ≤ Γ2(k) for all k ∈ K and
intersection of twofsst are defined as(Γ1 e Γ2)(k) = Min{Γ1(k),Γ2(k)}.
Definition 2.7. Let KFr represent the characteristic function of a crisp subsetFr of a
quantaleK. ThenKFr : K −→ [0, 1] is defined by

KFr (k) =
{

1, if k ∈ Fr,
0, if k /∈ Fr.

It is obvious that∅ 6= Fr ⊆ K is a filter if and only if the characteristic functionKFr of
Fr is aFFR of K.

Definition 2.8. [26] Let (K1,⊗) and(K2,⊗′) be two quantales. Thenξ : K1 −→ K2 is
called a quantale homomorphism(QHM) if,

(1) ξ(k ⊗ b) = ξ(k)⊗′ ξ(b);
(2) ξ(∨i∈Iki) = ∨i∈Iξ(ki) for all k, b ∈ K1 and{ki} ⊆ K1 (i ∈ I).

A quantale homomorphism(QHM), ξ : K1 −→ K2 is called an epimorphism ifξ is
ontoK2 andξ is called a monomorphism ifξ is one-one. Ifξ is bijective, then it is called
an isomorphism. It is clear that ifk ≤ b, thenξ(k) ≤ ξ(b).

Definition 2.9. [32] Let ξ : K1 −→ K2 be a mapping from a quantaleK1 to a quantale
K2, and letΓ andΓ′ be fsst inK1 andK2, respectively. Then the image ofΓ underξ and
the pre-image ofΓ′ underξ are the fsstsξ(Γ) andξ−1(Γ′), respectively, defined as follows:
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(1) ξ(Γ)(k) =

{
Sup

x ∈ ξ−1(k)

Γ(x), if ξ−1(k) 6= ∅ ∀ k ∈ K2;

0, otherwise
(2) ξ−1(Γ′)(k) = Γ′(ξ(k)) for all k ∈ K1.
If ξ is a QHM , thenξ(Γ) is called the homomorphic image ofΓ underξ andξ−1(Γ′)

is called the homomorphic pre-image ofΓ′.

3. (α, β)-FUZZY FILTERS IN QUANTALES

Let α, β represent one of∈, q,∈ ∨q and∈ ∧q. Further, we will expressFFR and
(α, β)-FFR for fuzzy filter and(α, β)-fuzzy filter, respectively.

The following discussion is about the concept of belongingness and quasi-coincidence
of a fuzzy point with afsst.

A fsst Γ of K is called a fuzzy point if

Γ(k) =
{

p, if k = y
0, otherwise

∀ k, y ∈ K andp ∈ (0, 1] is its value wherey is the support ofΓ is represented by the
symbolyp is used to represent fuzzy point for a relation between fuzzy pointkp and afsst
Γ in a setK, the meaning of the symbolkpαg was explained by Pu and Liu, where;

(1) kp ∈ Γ means thatkp belongs toΓ if Γ(k) ≥ p.
(2) kpqΓ means thatkp is quasi-coincident withΓ if Γ(k) + p > 1.
(3) kp(∈ ∨q)Γ meanskp belongs toΓ orkp is a quasi-coincident withΓ that isΓ(k) ≥

p or Γ(k) + p > 1. Also, kp(∈ ∧q)Γ denotes thatkp ∈ Γ andkpqΓ.

For afsst Γ of K such thatΓ(k) ≤ 0.5 for anyk ∈ K in the casekp(∈ ∧q)Γ, we have
Γ(k) ≥ p andΓ(k) + p > 1. Thus, 1 < Γ(k) + p ≤ Γ(k) + Γ(k) = 2Γ(k). This shows
thatΓ(k) ≥ 0.5. Hence, {kp : kp(∈ ∧q)Γ} = ∅. Thus, the caseα = ∈ ∧q is omitted.

If kp ∈ Γ, kpqΓ or kp (∈ ∨q)Γ does not hold, then we write askp ∈ Γ, kp q Γ or kp

(∈ ∨q) Γ, respectively. Thus,kpαΓ means thatkpαΓ does not hold. Eachfsst Γ defined
on K can be characterized by level subsets. That is by the sets of the formL(Γ; p) =
{k ∈ K : Γ(k) ≥ p} wherep ∈ [0, 1]. An important part is played by the support ofΓ, that
is setΓ◦ = {k ∈ K : Γ(k) > 0}.
Proposition 3.1. LetΓ1 andΓ2 beFFRs of a quantaleK. Then(Γ1 e Γ2) is aFFR of
K.

Proof. Let k1, k2 ∈K with k1 ≤ k2. As Γ1 andΓ2 are theFFR of K, so
Γ1(k1) ≤ Γ1(k2) andΓ2(k1) ≤ Γ2(k2)

=⇒ Min(Γ1(k1),Γ2(k1)) ≤ Min(Γ1(k2), Γ2(k2))
=⇒ (Γ1 e Γ2)(k1) ≤ (Γ1 e Γ2)(k2).

Next, asΓ1(k1⊗k2) ≥ Min(Γ1(k1), Γ1(k2)) andΓ2(k1⊗k2)≥ Min(Γ2(k1), Γ2(k2)).
=⇒Min(Γ1(k1⊗k2), Γ2(k1⊗k2))≥ Min(Min(Γ1(k1),Γ1(k2)),Min(Γ2(k1), Γ2(k2))
=⇒Min(Γ1(k1⊗k2), Γ2(k1⊗k2))≥ Min(Min{Γ1(k1), Γ2(k1)},Min{Γ1(k2), Γ2(k2)))
=⇒ (Γ1 e Γ2)(k1 ⊗ k2) ≥ Min((Γ1 e Γ2)(k1), (Γ1 e Γ2)(k2)).
Therefore,(Γ1 e Γ2) is aFFR of K. ¤

The next Proposition has simple proof and so is omitted.



258 Saqib Mazher Qurashi and Muhammad Shabir

Proposition 3.2. A fsst, Γ of K is aFFR of a quantaleK if and only if∅ 6= L(Γ; p) for
all p ∈ (0, 1] is a filter ofK.

Example 3.3. Consider the quantale discussed in Example 2.5. Filters ofK are K,
{f, h,>} {>} and {h,>}. Define a fsst, Γ : K −→ (0, 1] by Γ = 0.5

⊥ + 0.5
e + 0.6

f +
0.5
k + 0.7

h + 0.9
> . Then

L(Γ; p) =





K if 0 < p ≤ 0.5
{f, h,>} if 0.5 < p ≤ 0.6
{h,>} if 0.6 < p ≤ 0.7
{>} if 0.7 < p ≤ 0.9
∅ if 0.9 < p ≤ 1

Thus, by Proposition3.2, Γ is aFFR of K.

Theorem 3.4. LetΓ be afsst of K. Then∅ 6= L(Γ; p) is a filter ofK for all p ∈ (0.5, 1]
if and only ifΓ satisfies the following:

(1) Max(Γ(y), 0.5) ≥ Γ(k) with k ≤ y;
(2) Max(Γ(k ⊗ y), 0.5) ≥ Min(Γ(k),Γ(y)) for all k, y ∈ K.

Proof. Let L(Γ; p) be a filter ofK for all p ∈ (0.5, 1]. Then if there existk, w ∈ K with
k ≤ w such that the condition(1) is not valid, thenMax(Γ(w), 0.5) < Γ(k) = r. Then
r ∈ (0.5, 1], k ∈ U(Γ; r). But r > Γ(w) implies thatw /∈ L(Γ; r), we get a contradiction.
Hence condition(1) is valid.

If there arek, w ∈ K such thatMin(Γ(k), Γ(w)) = s > Max(Γ(k ⊗ w), 0.5), then
k,w ∈ U(Γ; s) ands ∈ (0.5, 1]. ButΓ(k⊗w) < s. Thusk⊗w /∈ L(Γ; s), a contradiction.
Hence condition(2) is valid.

Conversely, let conditions(1) and(2) be satisfied. Letw, k ∈ K with w ≤ k be such
thatw ∈ L(Γ; p) for somep ∈ (0.5, 1]. ThenΓ(w) ≥ p. Sincew ≤ k so it follows by
condition(1)

Max(Γ(k), 0.5) ≥ Γ(w) ≥ p > 0.5
so thatΓ(k) ≥ p, i.e.,k ∈ L(Γ; p). Now, forw, k ∈ U(Γ; p), we have,

Max(Γ(w ⊗ k), 0.5) ≥ Min(Γ(w),Γ(k)) ≥ p > 0.5

and soΓ(w⊗ k) ≥ p. It follows thatw⊗ k ∈ L(Γ; p). ThusL(Γ; p) is a filter ofK for all
p ∈ (0.5, 1]. ¤

The next definition is about(α, β)-FFR.

Definition 3.5. LetΓ be afsst of a quantaleK. ThenΓ is called an(α, β)-FFR of K if
it satisfies:

(1) zpαΓ → ypβΓ for z ≤ y;
(2) zpαΓ andyvαΓ → (z ⊗ y)Min(p,v)βΓ for all z, y ∈ K andp, v ∈ (0, 1].

Proposition 3.6. Let K be a quantale andΓ be a non-zero(α, β)-FFR of K. Then
Γ◦ = {k ∈ K | Γ(k) > 0} is a filter ofK.

Proof. Let k, u ∈ K with k ≤ u andk ∈ Γ◦. Then0 < Γ(k). Suppose thatΓ(u) = 0. If
α ∈ {∈,∈ ∨q}, thenkΓ(k)αΓ butuΓ(u)βΓ for everyβ ∈ {∈, q,∈ ∨q,∈ ∧q}, a contradic-
tion. Moreover,k1qΓ, butu1βΓ for everyβ ∈ {∈, q,∈ ∨q,∈ ∧q}, a contradiction. Hence



Generalized Fuzzy Filters in Quantales and Their Approximations 259

Γ(u) > 0, that isu ∈ Γ◦. Now letk, u ∈ Γ◦. ThenΓ(k) > 0 andΓ(u) > 0. Assume that
Γ(k⊗u) = 0 and letα ∈ {∈,∈ ∨q}, thenkΓ(k)αg anduΓ(u)αg but(k⊗u)inf(Γ(k),Γ(u))βΓ
for everyβ ∈ {∈, q,∈ ∨q,∈ ∧q}, a contradiction. Alsok1qg andu1qg but (k ⊗ u)1βΓ
for everyβ ∈ {∈, q,∈ ∨q,∈ ∧q}, a contradiction. Thus,Γ(k ⊗ u) > 0 andk ⊗ u ∈ Γ◦.
ThereforeΓ◦ is a filter ofK. ¤

Proposition 3.7. Let K be a quantale andFr be a filter ofK. Then afsst Γ of K such
that

Γ(z) =
{ ≥ 0.5 if z ∈ Fr

0 if z ∈ K \Fr.

is an(α,∈ ∨q)-FFR of K.

Proof. SupposeFr is a filter ofK.
(i) Let k, y ∈ K with k ≤ y andm ∈ (0, 1] be such thatkm ∈ Γ. Thenk ∈ Fr and

we havey ∈ Fr. If m ≤ 0.5 thenΓ(y) ≥ 0.5 ≥ m impliesΓ(y) ≥ m, and soym ∈ Γ. If
m > 0.5 thenΓ(y) + m > 0.5 + 0.5 = 1 andymqΓ. Henceym(∈ ∨q)Γ. Let m, r ∈ (0, 1]
andk, y ∈ K with km ∈ Γ andyr ∈ Γ. Thusk, y ∈ Fr and we havek ⊗ y ∈ Fr. If
Min(m, r) ≤ 0.5 thenΓ(k ⊗ y) ≥ 0.5 ≥ Min(m, r) and soΓ(k ⊗ y) ≥ Min(m, r)
implies (k ⊗ y)Min(m,r) ∈ Γ. If Min(m, r) > 0.5 then Γ(k ⊗ y) + Min(m, r) >
0.5 + 0.5 = 1 and so(k ⊗ y)Min(m,r)qΓ. Hence(k ⊗ y)Min(m,r)(∈ ∨q)Γ.

(ii) Let m ∈ (0, 1] andk, y ∈ K with k ≤ y be such thatkmqΓ. Thenk ∈ Fr and
y ≥ k ∈ Fr impliesy ∈ Fr. If m ≤ 0.5 thenΓ(y) ≥ 0.5 ≥ m impliesΓ(y) ≥ m and so
ym ∈ Γ. If m > 0.5 thenΓ(y) + m > 0.5 +0.5 = 1 andymqΓ. Henceym(∈ ∨q)Γ. Let
k, y ∈ K andm, r ∈ (0, 1] be such thatkmqg andyrqg. Thenk, y ∈ Fr and sok⊗y ∈ Fr.
If Min(m, r) ≤ 0.5 thenΓ(k ⊗ y) ≥ 0.5 ≥ Min(m, r) and soΓ(k ⊗ y) ≥ Min(m, r)
implies(k ⊗ y)Min(m,r) ∈ Γ. If Min(m, r) > 0.5 thenΓ(k ⊗ y) + Min(m, r) > 0.5 +
0.5 = 1 and so(k ⊗ y)Min(m,r)qΓ. Hence(k ⊗ y)Min(m,r)(∈ ∨q)Γ.

(iii) Let m, v ∈ (0, 1] andy, k ∈ K be such thatym ∈ Γ or kvqΓ. ThenΓ(y) ≥ m
andΓ(k) + v > 1. Thus,y, k ∈ Fr and soy ⊗ k ∈ Fr, we haveΓ(y ⊗ k) ≥ 0.5. Thus,
(y⊗ k)Min(m,v) ∈ Γ for Min(m, v) ≤ 0.5 and(y⊗ k)Min(m,v)qΓ for Min(m, v) > 0.5.
Thus(y ⊗ k)Min(m,v)(∈ ∨q)Γ. ¤

Definition 3.8. [2] LetΓ1 andΓ2 be two fsst ofK1 andK2 respectively andξ be a mapping
of K1 into K2. Thenξ is said to be an(α, β)-fuzzy map fromΓ1 to Γ2 if for all k ∈ K1

andt ∈ (0, 1], ktαΓ1 implies(ξ(k))tβΓ2.

Proposition 3.9. Let Γ be a fsst of a quantaleK andξ : K1 −→ K2 be aQHM . Then
(ξ(k))pαΓ if and only ifkpαξ−1(Γ) for all k ∈ K andp ∈ (0, 1].

Proof. Let α = ∈. Then(ξ(k))p ∈ Γ ⇐⇒ Γ(ξ(k)) ≥ p ⇐⇒ ξ−1(Γ)(k) ≥ p ⇐⇒ kp ∈
ξ−1(Γ). Let α = q, then(ξ(k))pqΓ ⇐⇒ Γ(ξ(k)) + p > 1 ⇐⇒ ξ−1(Γ)(k) + p > 1 ⇐⇒
kpqξ

−1(Γ). Similarly, the other cases can be obtained. ¤

Theorem 3.10.Letξ : K1 −→ K2 be aQHM . LetΓ1 andΓ2 be(α, β)-FFR of K1 and
K2, respectively. Ifξ is an(α, α)-fuzzy map fromΓ1 toΓ2, thenξ−1(Γ2) is an(α, β)-FFR
of K1.
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Proof. Let z, w ∈ K1. As ξ is aQHM, soξ(z), ξ(w) ∈ K2. SinceΓ1 is an(α, β)-FFR
of K1, so

(a) ztαΓ1 andz ≤ w −→ wtβΓ1;
(b) ypαΓ1, wvαΓ1 −→ (y ⊗ w)Min(p,v)βΓ1 for all y, z, w ∈ K1 andp, v, t ∈ (0, 1].
Also, sinceξ is an(α, α)-fuzzy map fromΓ1 to Γ2, we have,
(c) (ξ(z))tαΓ2 andξ(z) ≤ ξ(w) (order preserving);
(d) (ξ(y))pαΓ2 and(ξ(w))vαΓ2;
By Proposition3.9, we obtain
(e) ztαξ−1(Γ2);
(f) ypαξ−1(Γ2) andwvαψ−1(Γ2);
As Γ2 is an(α, β)-FFR of K2, hence we have,
(g) ξ(w)tβΓ2;
(h) (ξ(y)⊗′ ξ(w))Min(p,v)βΓ2;
but ξ is aQHM as well, hence
(i) (ξ(y)⊗′ ξ(w))Min(p,v)βΓ2 −→ (ξ(y ⊗ w))Min(p,v)βΓ2

By Proposition3.9, we obtain(y ⊗ w)Min(p,v)βξ−1(Γ2) and wtβξ−1(Γ2). Hence
ξ−1(Γ2) is a(α, β)-FFR of K1. ¤

4. (∈,∈ ∨q)-FUZZY FILTERS OF QUANTALE

(∈,∈ ∨q)-fuzzy filter in quantale and characterization the filters of quantale in terms of
(∈,∈ ∨q)-fuzzy filter are introduced in this section. Next the shortened form(∈,∈ ∨q)-
FFR will be written for (∈,∈ ∨q)-fuzzy filter.

Definition 4.1. A fsst, Γ of a quantaleK is called an(∈,∈ ∨q)-FF of K if it satisfies:
(1) z ≤ y, zp ∈ Γ −→ yp(∈ ∨q)Γ;
(2) zp ∈ Γ, yv ∈ Γ −→ (z ⊗ y)Min(p,v)(∈ ∨q)Γ for all z, y ∈ K andp, v ∈ (0, 1].

Example 4.2. Consider the quantale in Example 2.5. LetΓ = 0.5
⊥ + 0.6

e + 0.65
f + 0.6

k +
0.7
h + 0.9

> . ThenΓ is an(∈,∈ ∨q)-FFR of K. But
(1) Γ is not an(∈,∈)-FFR ofK, sincee0.58 ∈ Γ andf0.63 ∈ Γ but(e⊗f)Min(0.63,0.58) =

⊥0.58∈Γ.
(2) Γ is not an(q,∈)-FFR ofK, sincef0.52 ∈ Γ andk0.51 ∈ Γ but(f⊗k)Min(0.52,0.51) =

⊥0.5∈Γ.
(3) Γ is not an(∈, q)-FFR ofK, sincek0.57 ∈ Γ andh0.4 ∈ Γ but(k⊗h)Min(0.57,0.4) ∈

Γ = ⊥0.4qΓ.

Lemma 4.3. A fsst, Γ in a quantaleK is aFFR of K if and only if it satisfies;
(1) wv ∈ Γ andw ≤ k −→ kv ∈ Γ;
(2) kp, wv ∈ Γ −→ (k ⊗ w)Min(p,v) ∈ Γ for all k,w ∈ K andp, v ∈ (0, 1].

Proof. Let Γ be aFF of K. Let wv ∈ Γ for somev ∈ (0, 1]. ThenΓ(w) ≥ v. Since
Γ is aFF of K so, for w ≤ k, we havev ≤ Γ(w) ≤ Γ(k). This shows thatΓ(k) ≥ v.
Hencekv ∈ Γ. Considerk, w ∈ K, p, v ∈ (0, 1] be such thatkp ∈ Γ andwv ∈ Γ. Then
Γ(k) ≥ p andΓ(w) ≥ v. But Γ is aFF of K so, we haveΓ(k ⊗ w) ≥ Min(Γ(k),Γ(w))
≥ Min(p, v). ThusΓ(k ⊗ w) ≥ Min(p, v). This implies that(k ⊗ w)Min(p,v) ∈ Γ.

Conversely, suppose thatΓ satisfies the above two conditions. To show that for all
k,w ∈ K andk ≤ w impliesΓ(k) ≤ Γ(w). Let Γ(k) > Γ(w) for somek,w ∈ K. Then
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there existsv ∈ (0, 1] such thatΓ(k) ≥ v > Γ(w). Thenkv ∈ Γ butwv∈Γ, a contradiction
to the hypothesis(1). Now we show thatMin(Γ(k), Γ(w)) ≤ Γ(k ⊗ w) for all w, k ∈ K.
On contrary suppose thatΓ(a ⊗ c) < Min(Γ(a), Γ(c)) for somea, c ∈ K. Let p ∈ (0, 1]
be such thatΓ(a⊗ c) < p ≤ Min(Γ(a), Γ(c)). ThenΓ(a) > p andΓ(c) > p but (a⊗ c)p

∈ Γ. This contradicts our hypothesis(2). ThusΓ(k ⊗ w) ≥ Min(Γ(k), Γ(w)) for all
k,w ∈ K. HenceΓ is aFFR of a quantaleK. ¤
Remark 4.4. A fsst, Γ of a quantaleK is aFF of K if and only ifΓ is an(∈,∈)-FF of
K.

Theorem 4.5. A fsst Γ of K is an (∈,∈ ∨q)-FFR of K if and only if the following
conditions are satisfied:

(1) Γ(y) ≥ Min{Γ(k), 0.5} for k ≤ y;
(2) Γ(k ⊗ y) ≥ Min{Γ(k),Γ(y), 0.5} for all k, y ∈ K.

Proof. Let Γ be an(∈,∈ ∨q)-FFR andk, y ∈ K be such thatk ≤ y. If Γ(k) = 0,
thenΓ(y) ≥ Min(Γ(k), 0.5). Let Γ(k) 6= 0 and assume, on the contrary thatΓ(y) <
Min(Γ(k), 0.5). Takev ∈ (0, 1] such thatΓ(y) < v ≤ Min(Γ(k), 0.5). Case-1 If
Γ(k) < 0.5, thenΓ(y) < v ≤ Γ(k) and sokv ∈ Γ but yv∈Γ. Also Γ(y) + v < 0.5 +
0.5 = 1 so yvqΓ. Thus, kv ∈ Γ but yv(∈ ∨q)Γ, a contradiction. Case-2 IfΓ(k) ≥
0.5 thenΓ(y) < 0.5 and sok0.5 ∈ Γ but y0.5 ∈ Γ andΓ(y) + 0.5 < 1, i.e., y0.5qΓ,
again a contradiction. HenceΓ(y) ≥ Min(Γ(k), 0.5) for all k, y ∈ Qv with k ≤ y.
Let w, y ∈ K be such thatΓ(w ⊗ y) < Min(Γ(w), Γ(y), 0.5). Takep ∈ (0, 1] such
that Γ(w ⊗ y) < p ≤ Min(Γ(w), Γ(y), 0.5). Case-1 IfMin(Γ(w),Γ(y)) < 0.5 then
Γ(w ⊗ y) < p ≤ Min(Γ(w),Γ(y)) andwp, yp ∈ Γ but (w ⊗ y)p∈Γ. Also we have,
Γ(w⊗y)+p < 0.5+0.5 = 1, so(w⊗y)pqΓ, a contradiction. Let0.5 ≤ Min(Γ(w),Γ(y)).
Thenw0.5, y0.5 ∈ Γ but (w ⊗ y)0.5∈Γ andΓ(w ⊗ y) + 0.5 < 1, i.e., (w ⊗ y)0.5qΓ, again
a contradiction. Thus,Γ(w ⊗ y) ≥ Min(Γ(w), Γ(y), 0.5) for all w, y ∈ K.

Conversely suppose that the conditions(1) and (2) are satisfied. Letw, k ∈ K and
wv ∈ Γ with w ≤ k for somev ∈ (0, 1]. ThenΓ(w) ≥ v. By hypothesis, Γ(k) ≥
Min(Γ(w), 0.5) ≥ Min(v, 0.5). Case-1. Ifv ≤ 0.5, thenΓ(k) ≥ v andkv ∈ Γ. If v
> 0.5 thenΓ(k) + v > 0.5 + 0.5 = 1 and sokvqΓ, i.e., kv (∈ ∨ q)Γ. Let v1, v2 ∈ (0, 1]
and w, k ∈ K be such thatwv1 , kv2 ∈ Γ. ThenΓ(w) ≥ v1 and Γ(k) ≥ v2 and so
by hypothesis we have,Min(v1, v2, 0.5) ≤ Min(Γ(w), Γ(k), 0.5) ≤ Γ(w ⊗ k). Case-
1. If Min(v1, v2) ≤ 0.5 thenΓ(w ⊗ k) ≥ Min(v1, v2) and (w ⊗ k)Min(v1,v2) ∈ Γ.
Case-2. IfMin(v1, v2) > 0.5 thenΓ(w ⊗ k) + Min(v1, v2) > 0.5 + 0.5 = 1 and so
(w⊗k)Min(v1,v2)qg. Hence(w⊗k)Min(v1,v2) (∈ ∨q)Γ. Consequently, Γ is an(∈,∈ ∨q)-
FFR of K. ¤
Remark 4.6. A fsst, Γ of a quantaleK is an(∈,∈ ∨q)-FFR of K if and only if condi-
tions(1) and(2) of Theorem4.5 are satisfied.

We have the following Corollary from the above Definition.

Corollary 4.7. Every(∈,∈)-FF of K is an(∈,∈ ∨q)-FF of K.

Proof. The proof is simple. ¤
For (∈,∈ ∨q)-FFR to be an(∈,∈)-FFR of K, some condition is imposed in the next

Proposition.
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Proposition 4.8. Let Γ be an(∈,∈ ∨q)-FFR of K such thatΓ(z) < 0.5 for all z ∈ K.
ThenΓ is an(∈,∈)-FF of K.

Proof. Let Γ be an(∈,∈ ∨q)-FFR of K such thatΓ(z) < 0.5 for all z ∈ K. Then by
Theorem4.5, if z ≤ y thenΓ(y) ≥ Min(Γ(z), 0.5) = Γ(z). Now if z, w ∈ K then
Γ(z ⊗ y) ≥ Min(Γ(z), Γ(y), 0.5) = Min(Γ(z),Γ(y). HenceΓ is an(∈,∈)-FFR of K
by Lemma 4.3. ¤

Using Theorem4.5, the following characterizations ofFFR of quantale are suggested.

Lemma 4.9. Let (K,⊗) be a quantale and∅ 6= Fr ⊆ K. Then theKFr (characteristic
function) is an(∈,∈)-FFR of K if and only ifFr is a filter ofK.

Proof. Let w, k ∈ K be such thatk ≤ w andkp ∈ KFr
wherep ∈ (0, 1]. ThenKFr

(k) ≥
p > 0, and soKFr (k) = 1, i.e., k ∈ Fr. SinceFr is a filter, we havew ∈ Fr and so
KFr

(w) = 1 ≥ p. Thereforewp ∈ KFr
. Supposep, v ∈ (0, 1] andw, k ∈ K be such that

wp ∈ KFr
andkv ∈ KFr

. ThenKFr
(w) ≥ p > 0 andKFr

(k) ≥ v > 0, which show that
KFr (w) = KFr (k) = 1. Thusw, k ∈ Fr andFr is a filter sow ⊗ k ∈ Fr. It shows that
KFr

(w ⊗ k) = 1 ≥ Min(p, v) so that(w ⊗ k)Min(p,v) ∈ KFr
and consequentlyKFr

is
an(∈,∈)-FFR of K.

Conversely, letKFr be an(∈,∈)-FFR of K andw, k ∈ Fr. Thenw1 ∈KFr andk1 ∈
KFr which show that(w ⊗ k)1 = (w ⊗ k)Min(1,1) ∈ KFr . HenceKFr (w ⊗ k) = 1, and
sow ⊗ k ∈ Fr. Let w, k ∈ K andw ≤ k be such thatw ∈ Fr. ThenKFr (w) = 1, and
thusw1 ∈ KFr . SinceKFr is an(∈,∈)-FFR, so we havek1 ∈ KFr . ThusKFr (k) = 1
andk ∈ Fr. HenceFr is a filter ofK. ¤
Theorem 4.10. TheKFr is an(∈,∈ ∨q)-FFR of K if and only ifFr is a filter ofK for
∅ 6= Fr ⊆ K.

Proof. SupposeKFr be an(∈,∈ ∨q)-FFR of K andw, k ∈ Fr. Thenw1 ∈ KFr andk1

∈KFr which show that(w⊗k)1 = (w⊗k)Min(1,1) (∈ ∨q)KFr . HenceKFr (w⊗k) > 0,
and sow ⊗ k ∈ Fr. Let w, k ∈ K andk ∈ Fr be such thatk ≤ w. ThenKFr (k) = 1,
and thusk1 ∈ KFr . SinceKFr is an (∈,∈ ∨q)-FFR, so we havew1 ∈ KFr . Thus
KFr (w) = 1. Hencew ∈ Fr.

Conversely, if Fr is a filter ofK, thenKFr is an(∈,∈)-FF of K by lemma4.9, and
thereforeKFr is an(∈,∈ ∨q)-FFR of K by Corollary4.7. ¤
Theorem 4.11. A fsst Γ of K is an (∈,∈ ∨q)-FFR of K if and only if L(Γ; p) =
{k ∈ K : Γ(k) ≥ p} is a filter ofK for all p ∈ (0, 0.5].

Proof. SupposeΓ is an(∈,∈ ∨q)-FF of K. Let w, b ∈ K be such thatw ≤ b, and let
p ∈ (0, 0.5] be such thatw ∈ L(Γ; p). ThenΓ(w) ≥ p and it is clear from Theorem4.5(1)
that

Γ(b) ≥ Min(Γ(w), 0.5) ≥ inf(p, 0.5) = p

and sob ∈ L(Γ; p). Let w, a ∈ L(Γ; p) for somep ∈ (0, 0.5]. Then from Theorem
4.5(2), we haveΓ(w ⊗ a) ≥ Min(Γ(w), Γ(a), 0.5) ≥ Min(p, 0.5) = p, and sow ⊗ a ∈
L(Γ; p).

Conversely, let L(Γ; p) be a filter ofK for all p ∈ (0, 0.5]. If there exista, y ∈ K
with a ≤ y such thatΓ(y) < Min(Γ(a), 0.5), selectv ∈ (0, 0.5] such thatΓ(y) <
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v ≤ Min(Γ(a), 0.5), thena ∈ L(Γ; v) but y /∈ L(Γ; v), a contradiction. HenceΓ(y) ≥
Min(Γ(a), 0.5) for all a, y ∈ K with a ≤ y. If there existk, y ∈ K such thatΓ(k ⊗
y) < Min(Γ(k), Γ(y), 0.5). Chooses ∈ (0, 0.5] such thatMin(Γ(k), Γ(y), 0.5) ≥
s > Γ(k ⊗ y). Then k, y ∈ L(Γ; s) but k ⊗ y /∈ L(Γ; s), a contradiction. Hence
Min(Γ(k), Γ(y), 0.5) ≤ Γ(k ⊗ y) for all k, y ∈ K. By Theorem4.5, Γ is an(∈,∈ ∨q)-
FFR of K. ¤
Theorem 4.12. Let K1 andK2 be two quantales andξ : K1 −→ K2 be aQHM . LetΓ
be(∈,∈ ∨q)-FFR of K2. Thenξ−1(Γ) is an(∈,∈ ∨q)-FFR of K1.

Proof. Let k, y ∈ K be such thaty ≤ k. Thenξ(y) ≤ ξ(k).
ξ−1(Γ)(k) = Γ(ξ(k))

≥ Min{Γ(ξ(y)), 0.5}
= Min{ξ−1(Γ)(y), 0.5}.

Hence,ξ−1(Γ)(k) ≥ inf{ξ−1(Γ)(y), 0.5}
Now,

ξ−1(Γ)(k ⊗ w) = Γ(ξ(k ⊗ w))
= Γ(ξ(k)⊗′ σt(w)), ξ is aQHM
≥ Min{Γ(ξ(k)), Γ(ξ(w)), 0.5}
= Min{ξ−1(Γ)(k), ξ−1(Γ)(w), 0.5}.

Thus,ξ−1(Γ)(k ⊗ w) ≥ Min{ξ−1(Γ)(k), ξ−1(Γ)(w), 0.5}.
By Theorem4.5, we haveξ−1(Γ) is an(∈,∈ ∨q)-FFR of K1. ¤

5. (∈γ ,∈γ∨qδ)- FUZZY FILTERS OF QUANTALE

In the present section, the more general forms of(∈,∈ ∨q)-FFR are introduced.
Throughout the remaining paperγ, δ ∈ [0, 1], whereγ < δ andα, β ∈ {∈γ , qδ,∈γ

∨qδ,∈γ ∧qδ}. Let kp be a fuzzy point andΓ be a afsst of K. Then

(1) kp ∈γ Γ if Γ(k) ≥ p > γ.
(2) kpqδΓ if Γ(k) + p > 2δ.
(3) kp(∈γ ∨qδ)Γ if kp ∈γ Γ or kpqδΓ.
(4) kp(∈γ ∧qδ)Γ if kp ∈γ Γ andkpqδΓ.
(5) kpαΓ if kpαg does not hold forα ∈ {∈γ , qδ,∈γ ∨qδ,∈γ ∧qδ}.

Note that the case whenα =∈γ ∧qδ is omitted. Suppose thatΓ is afsst of a quantaleK
such thatΓ(k) ≤ δ for all k ∈ K. Supposek ∈ K andp ∈ [0, 1] be such thatkp(∈γ ∧qδ)Γ.
Then it follows thatΓ(k) ≥ p > γ andΓ(k) + p > 2δ. Hence,2δ < Γ(k) + p ≤
Γ(k) + Γ(k) = 2Γ(k), that isΓ(k) > δ. This means that{kp : kp(∈γ ∧qδ)Γ} = ∅.
Therefore, we are not taking the case whenα = ∈γ ∧qδ.

From here onward, we will write (∈γ ,∈γ ∨qδ)-FFR for (∈γ ,∈γ ∨qδ)-fuzzy filter.

Definition 5.1. Let Γ be afsst of a quantaleK. ThenΓ is said to be an(∈γ ,∈γ ∨qδ)-
FFR of K, if

(∗)1 wv ∈γ Γ −→ zv(∈γ ∨qδ)Γ with w ≤ z;
(∗)2 zp ∈γ Γ, wv ∈γ Γ −→ (z ⊗ w)inf(p,v)(∈γ ∨qδ)Γ for all z, w ∈ K andp, v ∈

(γ, 1].

Example 5.2. Consider Example2.5. LetΓ = 0.5
⊥ + 0.6

e + 0.65
f + 0.6

k + 0.72
h + 0.91

> . Then
Γ is an(∈0.3,∈0.3 ∨q0.6)-FFR of K.
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Theorem 5.3. Let Γ be afsst, of a quantaleK and Γ be an(qδ,∈γ ∨qδ)-FFR of K.
Then the following conditions hold:

(1) Max(Γ(w), γ) ≥ Min(Γ(k), δ) with k ≤ w;
(2) Max(Γ(k ⊗ w), γ) ≥ Min(Γ(k),Γ(w), δ) for all k, y, w ∈ K.

Proof. Let k, w ∈ K be such thatMax(Γ(w), γ) < Min(Γ(k), δ) with k ≤ w. Then for
all γ < p ≤ 1 such that

2δ −Max(Γ(w), γ) > p ≥ 2δ −Min(Γ(k), δ)

we have,

2δ − Γ(w) ≥ 2δ −Max(Γ(w), γ) > p ≥ Max(2δ − Γ(k), δ)

That is,2δ − Γ(w) > p, 2δ − Γ(k) < p
and so,

Γ(k) + p > 2δ, Γ(w) + p < 2δ

andΓ(w) < δ < p. HencekpqδΓ butwp(∈γ ∨qδ)Γ, a contradiction. HenceMax(Γ(w), γ) ≥
Min(Γ(k), δ) with k ≤ w.

If there existk, w ∈ K such thatMax(Γ(k ⊗w), γ) < Min (Γ(k),Γ(w), δ). Then for
all γ < v ≤ 1 such that

2δ −Max(Γ(k ⊗ w), γ) > v ≥ 2δ −Min(Γ(k), Γ(w), δ)

we have,

2δ − Γ(k ⊗ w) ≥ 2δ −Max(Γ(k ⊗ w), γ) > v ≥ Max(2δ − Γ(k), 2δ − Γ(w), δ)

We have,2δ − Γ(k ⊗ w) > v, 2δ − Γ(k) < v, 2δ − Γ(w) < v
and so,

Γ(k) + v > 2δ, Γ(w) + v > 2δ, Γ(k ⊗ w) + v < 2δ

andΓ(k ⊗ w) < δ < v. HencewvqδΓ, kvqδΓ but (k ⊗ w)v(∈γ ∨qδ)Γ, a contradiction.
ThereforeMax(Γ(k ⊗ w), γ) ≥ Min(Γ(k), Γ(w), δ) for all k, w ∈ K. ¤

Theorem 5.4. Let Γ be a fsst of a quantaleK. ThenΓ is an (∈γ ,∈γ ∨qδ)-FFR of K if
and only if the conditions below hold:

(1) k ≤ w impliesMax(Γ(w), γ) ≥ Min(Γ(k), δ);
(2) Max(Γ(k ⊗ w), γ) ≥ Min(Γ(k),Γ(w), δ) for all k,w ∈ K.

Proof. (∗)1 =⇒ (1). If there existk, w ∈ K with k ≤ w such thatMax(Γ(w), γ) < p ≤
Min(Γ(k), δ). Then,Γ(k) ≥ p > γ, Γ(w) < p andΓ(w) + p < 2p ≤ 2δ. This implies
thatkp ∈γ Γ butwp(∈γ ∨qδ)Γ, a contradiction. Hence(1) is valid.

(1) =⇒ (∗)1. Assume that there existk,w ∈ K with k ≤ w andv ∈ (γ, δ] such that
kp ∈γ Γ but wp(∈γ ∨qδ)Γ, thenΓ(k) ≥ p > γ andΓ(w) < p andΓ(w) + p ≤ 2δ. It
follows thatΓ(w) < δ and hence, Max(Γ(w), γ) < Min(Γ(k), δ), a contradiction.

(∗)2 =⇒ (2). If there existk, w ∈ K such thatMax(Γ(k⊗w), γ) < v ≤ Min(Γ(k), Γ(w), δ).
ThenΓ(k) ≥ v > γ, Γ(w) ≥ v > γ, butΓ(k⊗w) < v andΓ(k⊗w) + v < 2v ≤ 2δ, i.e.,
kv ∈γ Γ, wv ∈γ Γ but (k ⊗w)v(∈γ ∨qδ)Γ, a contradiction. HenceMax(Γ(k ⊗w), γ) ≥
Min(Γ(k), Γ(w), δ) for all k, w ∈ K.
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(2) =⇒ (∗)2. Suppose there existk, w ∈ K andu, v ∈ (γ, δ] such thatku ∈γ Γ
andwv ∈γ Γ but (k ⊗ w)Min(u,v)(∈γ ∨qδ)Γ, thenΓ(k) ≥ u > γ, Γ(w) ≥ v > γ,
Γ(k⊗w) < Min(u, v) andΓ(k⊗w)+Min(u, v) ≤ 2δ. It concludes thatΓ(k⊗w) < δ and
soMax(Γ(k ⊗ w), γ) < Min(Γ(k), Γ(w), δ), a contradiction. Hence(∗)2 is valid. ¤
Corollary 5.5. Let γ, γ′, δ, δ′ ∈ [0, 1] be such thatγ < δ, γ′ < δ′, γ′ < γ and δ′ < δ.
Then every(∈γ ,∈γ ∨qδ)-FFR of K is an(∈γ′ ,∈γ′ ∨qδ′)-FFR of K.

Example shows that converse of Corollary 5.5 is not true in general.

Example 5.6. Consider Example1. LetΓ be afsstof K as follows:

Γ =
0.5
⊥ +

0.65
e

+
0.7
f

+
0.65
k

+
0.75
h

+
0.95
> .

ThenΓ is an(∈0.3,∈0.3 ∨q0.4)-FFR of K but it is not an(∈0.3,∈0.3 ∨q0.9)-FFR of K.

For anyΓ ∈ (K), where(K) denotes the set of allfsst, of K, we define

Γv = {y ∈ K | yv ∈γ Γ} for all v ∈ (γ, 1];

Γδ
v = {y ∈ K | yvqδΓ} for all v ∈ (γ, 1];

and

[Γ]δv = {y ∈ K | yv(∈γ ∨qδ)Γ} for all v ∈ (γ, 1].
It follows that[Γ]δv = Γv ∪ Γδ

v.
Now, we characterize(∈γ ,∈γ ∨qδ)-FFR of K by their level sets.

Theorem 5.7. LetΓ ∈ K. Then
(1) Γ is an(∈γ ,∈γ ∨qδ)-FF of K if and only if∅ 6= Γv is filter ofK for all v ∈ (γ, δ].
(2) If 2δ = 1 + γ, thenΓ is an(∈γ ,∈γ ∨qδ)-FFR if and only ifΓδ

v(6= ∅) is a filter of
K for all v ∈ (δ, 1].

(3) If 2δ = 1 + γ, thenΓ is an(∈γ ,∈γ ∨qδ)-FFR if and only if[Γ]δv (6= ∅) is a filter of
K for all v ∈ (γ, 1].

Proof. (1). Let Γ be an(∈γ ,∈γ ∨qδ)-FFR of K. Supposez, w ∈ K with w ≤ z and
v ∈ (γ, δ] be such thatw ∈ Γv. Thenwv ∈γ Γ and sinceΓ is an(∈γ ,∈γ ∨qδ)-FFR of
K, sozv(∈γ ∨qδ)Γ. If zv ∈γ Γ, thenz ∈ Γv and if zvqδΓ, thenΓ(z) > 2δ − v ≥ v > γ,
that is, z ∈ Γv. Now we have to show thatz ⊗ w ∈ Γv for all z, w ∈ Γv. Let z, w ∈ K
be such thatz, w ∈ Γv for somev ∈ (γ, δ]. Thenwv ∈γ Γ andzv ∈γ Γ, and sinceΓ
is an (∈γ ,∈γ ∨qδ)-FF of K, therefore(w ⊗ z)v(∈γ ∨qδ)Γ. If (w ∨ z)v ∈γ Γ, then
(w⊗ z) ∈ Γv and if (w⊗ z)vqδΓ, thenΓ(w⊗ z) > 2δ − v ≥ v > γ, that is, w⊗ z ∈ Γv.
ThusΓv is filter of K.

Conversely, suppose that∅ 6= Γv is a filter of K for all v ∈ (γ, δ]. Let z, w ∈ K
with z ≤ w andMax(Γ(w), γ) < Min(Γ(z), δ). Then there existv ∈ (γ, δ] such that
Max(Γ(w), γ) < v ≤ Min(Γ(z), δ). This shows thatzv ∈γ Γ; that is z ∈ Γv but
w /∈ Γv, a contradiction. Thus, Max(Γ(w), γ) ≥ Min(Γ(z), δ) with z ≤ w. Let z, w ∈
K andMax(Γ(z ⊗ w), γ) < Min(Γ(z),Γ(w), δ). ThenMax(Γ(z ⊗ w), γ) < v ≤
Min(Γ(z), Γ(w), δ) for somev ∈ (γ, δ]. This implies thatz ∈ Γv and w ∈ Γv but



266 Saqib Mazher Qurashi and Muhammad Shabir

(z ⊗ w) /∈ Γv, a contradiction. Therefore, Max(Γ(z ⊗ w), γ) ≥ Min(Γ(z),Γ(w), δ).
Consequently, Γ is an(∈γ ,∈γ ∨qδ)-FFR of K by Theorem5.4.

(2). Let Γ be an(∈γ ,∈γ ∨qδ)-FFR of K. Let z, w ∈ K with w ≤ z be such that
w ∈ Γδ

v. ThenwvqδΓ, that isΓ(w) + v > 2δ ⇒ Γ(w) > 2δ − v ≥ 2δ − 1 = γ. Thus,
Γ(w) > γ. By hypothesis, we have

Max(Γ(z), γ) ≥ Min(Γ(w), δ)
⇒ Γ(z) > Min(2δ − v, δ)

Sincev ∈ (δ, 1], δ < v ≤ 1 ⇒ 2δ−v < δ < v. Thus, Γ(z) > 2δ−v ⇒ Γ(z)+v > 2δ.
Hence,z ∈ Γδ

v.
Now we have to show thatz ⊗ w ∈ Γδ

v for all z, w ∈ Γδ
v. Let z, w ∈ K be such that

z, w ∈ Γδ
v. ThenwvqδΓ andzvqδΓ, that isΓ(w)+v > 2δ ⇒ Γ(w) > 2δ−v ≥ 2δ−1 = γ

and similarlyΓ(z) > γ. By assumption, we have

Max(Γ(z ⊗ w), γ) ≥ Min(Γ(w), Γ(z), δ)
⇒ Γ(z ⊗ w) > Min(2δ − v, 2δ − v, δ)

Sincev ∈ (δ, 1], δ < v ≤ 1 ⇒ 2δ − v < δ < v. So, Γ(z ⊗ w) > 2δ − v ⇒
Γ(z ⊗ w) + v > 2δ. Hence,z ⊗ w ∈ Γδ

v.
Conversely, suppose that∅ 6= Γδ

v is a filter ofK for all v ∈ (δ, 1]. We show thatΓ is an
(∈γ ,∈γ ∨qδ)-FFR. Let z, w ∈ K with z ≤ w be such thatzpqδΓ. Let Max(Γ(w), γ) <
Min(Γ(z), δ). Then

2δ − inf(Γ(z), δ) < 2δ − sup(Γ(w), γ)
⇒ Max(2δ − Γ(z), δ) < Min(2δ − Γ(w), 2δ − γ).

Takep ∈ (δ, 1] such thatMax(2δ − Γ(z), δ) < p ≤ Min(2δ − Γ(w), 2δ − γ). Then
2δ−Γ(z) < p and2δ−Γ(w) ≥ p ⇒ Γ(z) + p > 2δ andΓ(w) + p ≤ 2δ. This shows that
zpqδΓ; that isz ∈ Γδ

v butw /∈ Γδ
v, a contradiction. Hence, Max(Γ(w), γ) ≥ Min(Γ(z), δ)

with z ≤ w. Let z, w ∈ K andMax(Γ(z ⊗ w), γ) < Min(Γ(z), Γ(w), δ). Then2δ −
Min(Γ(z), Γ(w), δ) < 2δ − Max(Γ(z ⊗ w), γ) ⇒ Max(2δ − Γ(z), 2δ − Γ(w), δ) <
Min(2δ − Γ(z ⊗ w), 2δ − γ). There existu ∈ (δ, 1] such thatMax(2δ − Γ(z), 2δ −
Γ(w), δ) < u ≤ Min(2δ − Γ(z ⊗ w), 2δ − γ). Then2δ − Γ(z) < u, 2δ − Γ(w) < u and
2δ − Γ(z ⊗ w) ≥ u ⇒ Γ(z) + u > 2δ, Γ(w) + u > 2δ but Γ(z ⊗ w) + u ≤ 2δ. Thus,
z ∈ Γδ

v andw ∈ Γδ
v but (z ⊗ w) /∈ Γδ

v, a contradiction. ThereforeMax(Γ(z ⊗ w), γ) ≥
Min(Γ(z), Γ(w), δ). Consequently, Γ is an(∈γ ,∈γ ∨qδ)-FFR of K by Theorem5.4.

(3). The proof of part3 is a a routine verification and similar to the proof of parts1 and
2. Hence omit here. ¤

6. GENERALIZED APPROXIMATION OFFUZZY FILTERS

In this section, approximations of generalized fuzzy filters with respect to congruence
relations are presented here.

Theorem 6.1. LetΓ be aFFR of a quantaleK andΩ be aCCR. ThenΩ(Γ) is aFFR
of K.

Proof. Let Γ be aFFR of K. ThenΓ(a ⊗ c) ≥ Min{Γ(a),Γ(c)} and if a ≤ c then
Γ(a) ≤ Γ(c) for all a, c ∈ K. SinceΩ is a CCR, so [z]Ω ∨ [w]Ω = [z ∨ w]Ω and
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[z]Ω ⊗ [w]Ω = [z ⊗ w]Ω for all z, w ∈ K. SinceΓ is a FFR and letc ≤ d. Then
Γ(c) ≤ Γ(d) . This shows thatΩ(Γ)(c) ≤ Ω(Γ)(d).

Consider,
Ω(Γ)(p⊗ q) = ∧

u∈[p⊗q]Ω
Γ(u)

= ∧
u∈[p]Ω⊗[q]Ω

Γ(u).

Now sinceu ∈ [p]Ω ⊗ [q]Ω so there existr ∈ [p]Ω ands ∈ [q]Ω such thatu = r ⊗ s.
Thus,

Ω(Γ)(p⊗ q) = ∧
r⊗s ∈ [p]Ω⊗[q]Ω

Γ(r ⊗ s)

≥ ∧
r⊗s ∈ [p]Ω⊗[q]Ω

Min{Γ(r), Γ(s)}
= ∧

r ∈ [p]Ω, s∈[q]Ω
Min{Γ(r),Γ(s)}

= Min

{
∧

r∈[p]Ω
Γ(r), ∧

s∈[q]Ω
Γ(s)

}

= Min {Ω(Γ)(p), Ω(Γ)(q)} .
Hence,Ω(Γ)(p⊗q) ≥ Min {Ω(Γ)(p),Ω(Γ)(q)} for all p, q ∈ K. ThusΩ(Γ) is aFFR

of K. ¤

Table.2
⊗ ⊥ i j >
⊥ ⊥ i j >
i ⊥ i j >
j ⊥ i j >
> ⊥ i j >

FIGURE 2

The next Example shows that lower approximation ofFFR of K is not necessaryFFR
by usingCR.
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Example 6.2. LetK be a complete lattice shown in Fig.2 and operation⊗ onK is shown
in Table2. LetΩ be anER on K with theΩ-equivalence classes being{i,>}, {⊥}, {j}.
Then obviously,Ω is a CR on K but notCCR. Let Γ = 0.5

⊥ + 0.6
i + 0.8

j + 0.8
> . ThenΓ

is FFR ofK. The lower approximation ofΓ of K is Ω (Γ) = 0.5
⊥ + 0.6

i + 0.8
j + 0.6

> . It is
observed that for> ≥ j, we haveΩ (Γ)(>) � Ω (Γ)(j). ThusΩ (Γ) is not FFR of K
while usingCR.

Theorem 6.3. LetΩ be aCR andΓ be aFFR of a quantaleK. ThenΩ(Γ) is aFFR of
K.

Proof. Let Ω be aCR in K. Then obviously[p]Ω ⊗ [q]Ω ⊆ [p ⊗ q]Ω for all p, q ∈ K.
Also Γ is aFFR and ifp ≤ q thenΓ(p) ≤ Γ(q) andΓ(p⊗ q) ≥Min{Γ(p), Γ(q)} for all
p, q ∈ K. SinceΓ(p) ≤ Γ(q) ⇒ Ω(Γ)(p) ≤ Ω(Γ)(q)

Consider,

Min
{
Ω(Γ)(p), Ω(Γ)(q)

}
= Min

{
∨

r∈[p]Ω
Γ(r), ∨

s∈[q]Ω
Γ(s)

}

= ∨
r ∈ [p]Ω, s∈[q]Ω

Min{Γ(r),Γ(s)}
= ∨

r⊗s ∈ [p]Ω⊗[q]Ω
Min{Γ(r), Γ(s)}

≤ ∨
r⊗s ∈ [p]Ω⊗[q]Ω

Γ(r ⊗ s)

≤ ∨
r⊗s ∈[p⊗q]Ω

Γ(r ⊗ s)

= Ω(Γ)(p⊗ q)
Hence,Ω(Γ)(p ⊗ q) ≥ Min

{
Ω(Γ)(p),Ω(Γ)(q)

}
for all p, q ∈ K. ThusΩ(Γ) is a

FFR of K. ¤
Now approximations are applied to(∈,∈ ∨q)-FFR of quantales.

Theorem 6.4. Let Ω be aCCR andΓ be an(∈,∈ ∨q)-FFR of quantaleK. ThenΩ(Γ)
is an(∈,∈ ∨q)-FFR of K.

Proof. SinceΩ be aCCR, we have[k]Ω ⊗ [w]Ω = [k ⊗ w]Ω.
Consider,

Ω(Γ)(k ⊗ w) = ∧
u ∈ [k⊗w]Ω

Γ(u)

= ∧
u ∈ [k]Ω⊗[w]Ω

Γ(u)

As u ∈ [k]Ω ⊗ [w]Ω, therefore there arep ∈ [k]Ω andq ∈ [w]Ω such thatu = p⊗ q.
Hence,

Ω(Γ)(k ⊗ w) = ∧
p⊗q∈[k]Ω⊗[w]Ω

Γ(p⊗ q)

≥ ∧
p ∈ [k]Ω, q ∈ [w]Ω

Min[Γ(p), Γ(q), 0.5] by Theorem 4.5

= Min

{(
∧

p ∈ [k]Ω
Γ(p)

)
,

(
∧

q ∈ [w]Ω
Γ(q)

)
, 0.5

}

= Min{Ω(Γ)(k), Ω(Γ)(w), 0.5}
HenceΩ(Γ)(k ⊗ w) ≥ Min{Ω(Γ)(k),Ω(Γ)(w), 0.5} ∀ k, w ∈ K..
Let w ≤ k. ThenΓ(w) ≤ Γ(k). This shows thatΩ(Γ)(w) ≤ Ω(Γ)(k) and obviously

Min{Ω(Γ)(w), 0.5} ≤ Ω(Γ)(k).
HenceΩ(Γ)(k) ≥ Min{Ω(Γ)(w), 0.5}. ThusΩ(Γ) is an(∈,∈ ∨q)-FFR of K. ¤
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Table.3
⊗ ⊥ i j k >
⊥ ⊥ i j k >
i ⊥ i j k >
j ⊥ i j k >
k ⊥ i j k >
> ⊥ i j k >

FIGURE 3

The next Example shows that lower approximation of(∈,∈ ∨q)-FFR of K is not
necessary(∈,∈ ∨q)-FFR by usingCR.

Example 6.5. LetK be a complete lattice shown in Fig.3 and operation⊗ onK is shown
in Table3. Then(K,⊗) be a quantale. LetΩ be anER onK with Ω-equivalence classes
are {⊥}, {i, k}, {j}, {>}. ThenΩ is CR on K and it is notCCR. Let Γ be fsst ofK
define byΓ = 0.4

⊥ + 0.4
i + 0.5

j + 0.6
k + 0.7

> . ThenΓ is a (∈,∈ ∨q)-FFR. The lower

approximation of(∈,∈ ∨q)-FFR of K is given asΩ(Γ) = 0.4
⊥ + 0.4

i + 0.5
j + 0.4

k + 0.7
> .

It is obvious thatΩ(Γ) is not (∈,∈ ∨q)-FFR of K because fork ≥ j the condition
Ω(Γ)(k) � Min{Ω(Γ)(j), 0.5} is not satisfied.

The next Theorem follows from Theorem 6.4.

Theorem 6.6. Let Ω be aCR andΓ be an(∈,∈ ∨q)-FFR of a quantaleK. ThenΩ(Γ)
is an(∈,∈ ∨q)-FFR of K.

Theorem 6.7. Let Ω be aCCR andΓ be an(∈γ ,∈γ ∨qδ)-FFR of K. ThenΩ(Γ) is an
(∈γ ,∈γ ∨qδ)-FFR of K.

Proof. Let k, y ∈ K andγ, δ ∈ (0, 1] such thatγ < δ. SinceΩ is aCCR, so we have
[k ⊗ y]Ω = [k]Ω ⊗ [y]Ω. Consider

Max {Ω(Γ)(k ⊗ y), γ} = Max

{
∧

u∈[k⊗y]Ω
Γ(u), γ

}

= ∧
u∈[k⊗y]Ω

Max {Γ(u), γ}
= ∧

u∈[k]Ω⊗[y]Ω
Max {Γ(u), γ} .

Sinceu ∈ [k]Ω ⊗ [y]Ω, there existp ∈ [k]Ω andq ∈ [y]Ω such thatu = p⊗ q. So,
Max {Ω(Γ)(k ⊗ y), γ} = ∧

p⊗q∈[k]Ω⊗[y]Ω
Max {Γ(p⊗ q), γ}

≥ ∧
p⊗q∈[k]Ω⊗[y]Ω

Min{Γ(p), Γ(q), δ}
= ∧

p ∈ [k]Ω, q ∈ [y]Ω
Min{Γ(p), Γ(q), δ}

= Min{ ∧
p ∈ [k]Ω

Γ(p), ∧
q ∈ [y]Ω

Γ(q), δ}
= Min{Ω(Γ)(k),Ω(Γ)(y), δ}.
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Thus, we haveMax {Ω(Γ)(k ⊗ y), γ} ≥ Min{Ω(Γ)(k),Ω(Γ)(y), δ}.
Furthermore, let w ≤ k. Thenw ∨ k = k. SinceΩ is aCCR, so [k]Ω = [w ∨ k]Ω =

[k]Ω ∨ [w]Ω.
Consider,
Max{Ω(Γ)(k), γ} = Max{ ∧

u∈ [k]Ω
Γ(u), γ}

= ∧
u∈ [k]Ω∨[w]Ω

Max{Γ(u), γ}.
Sinceu ∈ [k]Ω ∨ [w]Ω so there exista ∈ [k]Ω andb ∈ [w]Ω such thatu = a ∨ b. As

a ∨ b ≥ b. We have,
Max{Ω(Γ)(k), γ} = ∧

a∨b∈ [k]Ω∨[w]Ω
Max{Γ(a ∨ b), γ}

= ∧
a∈ [k]Ω, b∈ [w]Ω

Max{Γ(a ∨ b), γ}
≥ ∧

a∈ [k]Ω, b∈ [w]Ω
Min{Γ(b), δ}

= Min{ ∧
b∈ Ω(w)

Γ(b), δ}
= Min{Ω(Γ)(w), δ}.

Thus, we haveMax{Ω(Γ)(k), γ} ≥ Min{Ω(Γ)(w), δ}. ThereforeΩ(Γ) is an(∈γ ,∈γ ∨qδ)-
FFR of K. ¤

Table.4
⊗ ⊥ i j l k >
⊥ ⊥ i j l k >
i ⊥ i j l k >
j ⊥ i j l k >
k ⊥ i j l k >
l ⊥ i j l k >
> ⊥ i j l k >

FIGURE 4

The following Example shows that lower approximation of(∈γ ,∈γ ∨qδ)-FFR of K is
not necessary(∈γ ,∈γ ∨qδ)-FFR by usingCR.

Example 6.8. Let K be a complete lattice shown inFig.4 with ⊗ be a binary opera-
tion shown in Table4. Then(K,⊗) be a quantale. LetΩ be anER on K with theΩ-
equivalence classes being{⊥}, {i}, {j, l}, {k}, {>}. Clearly,Ω is aCR but not aCCR.
Let Γ be a fsst ofK defined byΓ = 0.3

⊥ + 0.3
i + 0.4

j + 0.5
k + 0.6

l + 0.7
> . ThenΓ is an

(∈0.2,∈0.2 ∨q0.7)-FFR. SinceΩ(Γ) = 0.3
⊥ + 0.3

i + 0,4
j + 0.5

k + 0.4
l + 0.7

> . It is clear that
Ω(Γ) is not an(∈0,2,∈0.2 ∨q0.7)-FFR while takingCR. Since forl ≥ k with γ = 0.2
and δ = 0.7, the conditionMax(Ω(Γ)(l), 0.2) � Min(Ω(Γ)(k), 0.7) with l ≥ k is not
satisfied.
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Theorem 6.9. Let Γ be an(∈γ ,∈γ ∨qδ)-FFR of a quantaleK and Ω be aCR. Then
Ω(Γ) is an(∈γ ,∈γ ∨qδ)-FFR of K.

Proof. LetΓ be an(∈γ ,∈γ ∨qδ)-FFR. Letk, w ∈ K andγ, δ ∈ (0, 1] be such thatγ < δ.
Let k ≤ w. Thenk ∨ w = w.

Consider,
Min{Ω(Γ)(k), δ} = Min{ ∨

x∈ [k]Ω
Γ(x), δ}

= ∨
x∈ [k]Ω

Min{Γ(x), δ}.
SinceΩ is aCR, so [k]Ω ∨ [w]Ω ⊆ [k ∨ w]Ω = [w]Ω for x ∈ [k]Ω andy ∈ [w]Ω. As

x ∨ y ≥ x. We have,
Min{Ω(Γ)(k), δ} = ∨

x∈ [k]Ω
Min{Γ(x), δ}

≤ ∨
x∈ [k]Ω, y∈ [w]Ω

Max{Γ(x ∨ y), γ}
= ∨

x∨y∈ [k]Ω∨[w]Ω
Max{Γ(x ∨ y), γ}

≤ ∨
x∨y∈ [k∨w]Ω

Max{Γ(x ∨ y), γ}
= ∨

u∈ [k∨w]Ω
Max{Γ(u), γ}

= ∨
u∈ [w]Ω

Max{Γ(u), γ}
= Max{ ∨

u∈ [w]Ω
Γ(u), γ}

= Max{Ω(Γ)(w), γ}.
Thus, we haveMax{Ω(Γ)(w), γ} ≥ Min{Ω(Γ)(k), δ}.
Further, consider
Min{Ω(Γ)(k),Ω(Γ)(w)), δ} = Min{ ∨

a∈ [k]Ω
Γ(a), ∨

b∈ [w]Ω
Γ(b), δ}

= ∨
a∈ [k]Ω,b∈ [w]Ω

Min{Γ(a), Γ(b), δ}
SinceΩ is aCR, so[k]Ω ⊗ [w]Ω ⊆ [k ⊗ w]Ω, we have,
Min{Ω(Γ)(k),Ω(Γ)(w)), δ} = ∨

a∈ [k]Ω,b∈ [w]Ω
Min{Γ(a), Γ(b), δ}

≤ ∨
a∈ [k]Ω,b∈ [w]Ω

Max{Γ(a⊗ b), γ}
= ∨

a⊗b∈ [k]Ω⊗[w]Ω
Max{Γ(a⊗ b), γ}

≤ ∨
a⊗b∈ [k⊗w]Ω

Max{Γ(a⊗ b), γ}
= Max{ ∨

u∈ [k⊗w]Ω
Γ(u), γ}

= Max{Ω(Γ)(k ⊗ w), γ}
Thus, we haveMax

{
Ω(Γ)(k ⊗ w), γ

} ≥ Min{Ω(Γ)(k), Ω(Γ)(w), δ}. Therefore
Ω(Γ) is an(∈γ ,∈γ ∨qδ)-FFR of K. ¤

7. CONCLUSION

In the present paper, we substitute a universe set by a quantale, and introduce the char-
acterizations of quantale by(α, β)-fuzzy filter by using fuzzy points. It is additionally
demonstrated that by utilizing an(α, β)-fuzzy map, the inverse image of an(α, β)-fuzzy
filter under quantale homomorphism is an(α, β)-fuzzy filter. It is also investigated that
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homomorphic image of an (∈, ∈ ∨q)-fuzzy filter under quantale homomorphism is an 
(∈, ∈ ∨q)-fuzzy filter. In the last section, more general form of (∈, ∈ ∨q)-fuzzy filter 
are introduced. The relationship between ordinary filters and fuzzy filters of the type 
(∈γ , ∈γ ∨qδ) is also constructed. Keen observation is carried out while finding lower 
approximation of fuzzy filters and of the type (∈, ∈ ∨q)-F FR and (∈γ , ∈γ ∨qδ)-F FR 
with the help of complete congruence. It is observed that complete congruence is com-
pulsory to find out lower approximations fuzzy filters of the type (∈, ∈ ∨q)-F FR and 
(∈γ , ∈γ ∨qδ)-F FR.

8. ACKNOWLEDGMENTS

I am really very thankful to the reviewers for the guidance and suggestions to improve 
the quality of paper.

REFERENCES

[1] M. I. Ali, M. Shabir, Samina,Roughness in Hemirings,Neural Computing & Applications,21, No.1
(2012) 171-180.

[2] S. K. Bhakat and P. Das,(α, β)-fuzzy mappings,Fuzzy Sets and Systems,56 (1993) 89-95.
[3] B. Davvaz,Roughness in rings,Information Sciences,164(2004), 147-163.
[4] D. Dubois, H. Prade,Rough fuzzy sets and fuzzy rough sets,Int. J. General Syst,17 (1990), 191-209.
[5] W. A. Dudek, M. Shabir, M. Irfan Ali,(α, β)-fuzzy ideals of hemirings,Computers and Mathematics with

Applications,58 (2009), 310-321.
[6] M. Farooq, T. Mahmood, A. Khan, M. Izhar, B. Davvaz,Fuzzy hyperideals of hyperquantales,Journal of

Intelligent & Fuzzy Systems,36,No. 6 (2019), 5605-5615.
[7] J. Y. Girard,Linear logic,Theoretical Computer Science,50 (1987) 1-101.
[8] U. Hohle,Topological representation of right-sided and idempotent quantales,Semigroup Forum,90 (2015)

648-659.
[9] A. Hussain, T. Mahmood, M. I. Ali,Rough Pythagorean fuzzy ideals in semigroups,Computational and

Applied Mathematics,67 (2019) 1-15.
[10] A. Khan; Y. B. Jun and M. Z. Abbas,Characterizations of ordered semigroups in terms of(∈,∈ ∨q)-fuzzy

interior ideals,Neural Computing & Applications,21 (2012) 433-440.
[11] F. M. Khan; A. Khan and N. H. Sarmin,Characterizations of ordered semi group by(∈γ ,∈γ ∨qδ)-fuzzy

interior ideals, Lobachevskii Journal of Mathematics.32,No. 4( 2011), 278-288.
[12] D. Kruml, J. Paseka,Algebraic and categorical aspects of quantales,Handbook of Algebra,5(2008) 323-

362.
[13] Q. Luo, G. Wang, Roughness and fuzziness in Quantales, Information Sciences,271(2014) 14-30.
[14] X. Ma, J. Zhan and Y. B. Jun,On (∈,∈ ∨q)-fuzzy flters ofRO-algebras,Mathematical Logic Quarterly,

55(2009) 493-508.
[15] X. Ma, J. Zhan; and Y. B. Jun,Some kinds of(∈γ ,∈γ ∨qδ)-fuzzy ideals ofBCI algebras,Computers and

Mathematics with Applications,61,No.4 (2011) 1005-1015.
[16] C. J. Mulvey,Rendiconti del Circolo Matematico di Palermo,Springer,12No.2 (1986), 99-104.
[17] Z. Pawlak,Rough sets,International Journal of Computer,11No. 5 (1982), 341-356.
[18] P. M. Pu, Y. M. Liu,Fuzzy topology I: neighbourhood structure of a fuzzy point and MooreCSmith conver-

gence,J. Math. Anal. Appl., 76, No.2 (1980) 571-599.
[19] S. M. Qurashi and M. Shabir,Generalized rough fuzzy ideals in quantales,Discrete Dynamics in Nature and

Society,2018Article ID 1085201.
[20] S. M. Qurashi and M. Shabir,Roughness in Quantale Module,Journal of Intelligent & Fuzzy Systems,35

(2018), 2359-2372.
[21] S. M. Qurashi and M. Shabir,Some studies in the approximation of(∈γ ,∈γ ∨qδ)-fuzzy substructures in

Quantales,Computational and Applied Mathematics, 39, No. 117 (2020),1-21.
[22] S. M. Qurashi and M. Shabir,Generalized approximations of(∈,∈ ∨q)-fuzzy ideals in quantales, Com-

putational and Applied Mathematics,37 (2018) 6821-6837.



Generalized Fuzzy Filters in Quantales and Their Approximations 273

[23] S. M. Qurashi and M. Shabir,Characterizations of Quantales by the properties of their(∈γ ,∈γ ∨qδ)-fuzzy
(subquantales) ideals,Punjab Uni. j. mtah. 51, No.8 (2019) 67-85.

[24] M. Rameez, M. I. Ali, A. Ejaz,Generalized roughness in(∈,∈ ∨q)-fuzzy ideals of hemirings,Kuwait J.
Sci.44No.3 (2017) 34-43.

[25] P. Resende,Quantales, finite observations and strong bisimulation,Theoretical Computer Science,254
(2001): 95-149.

[26] K. I. Rosenthal,Quantales and their applications, Pitman Research Notes in Mathematics,Longman Scien-
tific & Technical, New York, 1990.

[27] M. Shabir and M. Ali,Characterizations of semigroups by the properties of their(∈γ ,∈γ ∨qδ)-fuzzy ideals,
Iranian Journal of Science & Technology,37,A2(2013) 117-131.

[28] M. Shabir, S. Liaquat, S. Bashir,Regular and intra-regular semirings in terms of bipolar fuzzy ideals,Com-
putational and Applied Mathematics,38,No.4 (2019): 197.

[29] X. Shan and N. Liu,L-fuzzy filters of quantales and their related properties,Journal of Shaanxi Normal
University (Natural Science Edition),41,No. 2 (2013), 14-18.

[30] S. Wang and S. Liang,Fuzzy filter of quantales,Fuzzy Systems and Mathematics,24(2010), 60-65.
[31] S. Q. Wang, B. Zhao,Ideals of quantales,Journal of Shaanxi Normal University (Natural Science Edition),

31 (4) (2003), 7-10 (in Chinese).
[32] X. Wang, D. Ruan, E. Kerre,Studies in fuzziness and soft computing,Mathematics of fuzziness-Basic, Issues

Springer (2009).
[33] Q. M. Xiao, Q. G. Li,Generalized lower and upper approximations in quantales, J. Appl. Math. (2012).
[34] N. Yaqoob, M. Aslam, K. Hila and B. Davvaz,Rough prime bi-Γ-hyperideals and fuzzy prime bi-Γ-

hyperideals ofΓ-semihypergroups,Filomat,31,No. 13 (2017) 4167-4183.
[35] L. Y. Yang, L.S. Xu,Roughness in quantales,Information Sciences,220(2013) 568-579.
[36] D. Yetter,Quantales and non-commutative linear logic, The Journal of Symbolic Logic,55 (1990) 41-64.
[37] L. A. Zadeh,Fuzzy sets,Inform. Control,8 (1965) 338-353.


