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1. INTRODUCTION

Fractional calculus is the study of integrals and derivatives of arbitrary order which was a
natural outgrowth of conventional definitions of calculus integral and derivative. There are
several problems in the mathematics and its related real world applications wherein frac-
tional derivatives occupy an important place [1, 2, 13, 15, 18, 19, 26, 27]. Each conventional
fractional operator with its own special kernel can be used in a certain problem. In recent
years, fractional calculus is a topic that has played a crucial role in defining the complex
dynamics of the real world problems from various fields of science and engineering. An-
alyzing the uniqueness of solution of fractional ordinary and partial differential equations
can be performed by employing fractional integral inequalities [7, 8, 9, 20, 21, 28]. While,
on the other hand the role of elementary mathematical inequalities have been rediscovered
owing to their applications to different realms of mathematics and applied sciences [22]. In
fact, the development of mathematical inequalities is very closely related to the advances in
the theory of convex function. Convexity theory is an effective and powerful way to solve
a large number of problems from different branches of pure and applied mathematics. As
the development of the convex function is associated to many well known names of the
era, for instance, Jensen, Hardy, Ostrowski, Hadamard etc. [5, 6, 14, 25]. One of the most
celebrated and sparkled results on convex function is due to Hermite-Hadamard, later on
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called Hermite-Hadamard integral inequality. Due to its geometrical significance, these in-
equalities were either generalized, extended and refined by using elementary techniques of
analysis. The following inequality is well known as Simpson’s inequality which provides

an error bound for the Simpson’s rule.

Theorem 1.1.[12] Let f : a1, a2] — R be a four times differentiable function da;, a-)
and || £ ||o 1= SUP,c(a,.a9) I/ () < 00, then the following inequality holds

1 [f(a1) + f(a2) ay + as 1 a2 1f @ loe(az — ay)*
‘3 [ 2 +2f( 2 )} Ca—m / f(x)dx’ = 2880 '

The classical Simpson type inequality has attracted much attention since it is very re-
markable in the area of inequality application. For different convex functions, the Simp-
son’s inequality have been extended and refined by many authors such as [10, 4, 16].
Dragomir et al. proved the following recent developments on Simpson’s inequality for
which the remainder is expressed in terms of derivatives lower than the fourth.

Theorem 1.2. [10] Suppos¢ : [a1, az] — R is a differentiable mapping whose derivative
is continuous orjay, az) and f’ € L{ay, as), then

[P (2)] - o4 [ s < S
2 — U1 Ja,y

3 2 2
provided that:|| f'[|1 = [** | f'(z)|dz < cc.

al

The aim of this paper is to obtain a fractional integral identity for Mittag-Leffler type
convex function, consequently to derive some new Hermite-Hadamard type, trapezoidal
type, mid point type and Simpson type fractional integral inequalities to provide some
applications involving special means. This paper is organized in the following way. After
this Introduction, in Section 2 some basic concepts and assumptions are discussed. In
Section 3 some results relating to the topic are established, in Section 4 some applications
of the obtained results are given. Lastly, Section 5 is about conclusion of the current paper.

2. PRELIMINARIES AND ASSUMPTIONS

Definition 2.1. [15] The single-parameter Mittag-Leffler function and the two parameter
Mittag-Leffler function are defined, respectively, as:
0 k e k

X xr
E.(z) ;:;m; E.p(z) ;zkgm, o, 3> 0. (2. 1)

Definition 2.2. For a > 0, the logarithmic Mittag-Leffler mean of a given functigf)
on [a1, ag] is defined as:

Eo(f(x)) + Ea(f(a1 + az — x))
2

LME(x):=1n , T € [a1,az]. (2.2

If f is differentiable or(ay, az), then

Ea,a(f(x))f/(z) - Ea,oz(f(al +az — z))f/(al +ag — 517)
a[Ea(f(2)) + Ea(f(a1 + az — 2))] '

LME'(z) := (2. 3)
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Fora — 1, relations(2.2) and(2.3) will be degenerated to the following relations [17]

o, &P (@) +exp(f(ar + az — 2))
2
exp(f(2))f'(x) — exp(f(a1 + az — x)) f'(a1 + a3 — x)
exp(f(z)) + exp(f(a1 + az — z))] '
Definition 2.3. [17] A functionf : [a1,a2] € R — R, is said to be single and double

parameter Mittag-Leffler type convex function, respectively, if the following inequalities
hold:

Eo(f(tr+(1=1)y)) < tEa(f(2))+ (A=) Ea(f(y)), t € [0,1]; 2,y € [a1,az], (2. 6)

Eop(f(tz + (1 =1)y)) < tEap(f(2) + (1 =) Eap(f(y)), 1€ [0,1];2,y € [ah(az]-)
2.7

LE(z) :=1 , T € [ar, azl, (2. 4)

LE'(z) := (2.5)

It is remarkable to note that far, 5 — 1, the Mittag-Leffler type convex functions

defined by Definition 2.3 will degenerate into classic exp-convex function consistently [17].

Definition 2.4. [11] LetI C (0,00) be a real interval andd # p € R. A function
f: I — Ris said to bep—convex function, if

F((t2? + (1= )yP)7) < tf(x) + (1 —1)f(y),

provided thatz,y € I andt € [0,1]. If the inequality is reversed, th¢ is said to be
p—concave function. The functighis said to bg(s, p)—convex if

F((t2? + (1= t)yy?)7) <t f(x) + (1 - £)° f(y),

provided thatx,y € I; ¢t € [0,1] ands € (0, 1]. In case of(s, p)—concave function, the
inequality sign is reversed.

Definition 2.5. [24] Let[a1, a2] be a finite interval on the real axis ani€e L[a;, as]. The
right-hand side and the left-hand side Riemann-Liouville fractional integils, f and
Js _ f of ordera > 0, respectively, are defined by:

> __Lr z—t)* ! z € (a1, a

(Ta8) ) = gy [ (=07 00, = € (02, 00] 2.9)
> SR z)e ! x € lay,a

(jag—f) (I) - F(Oé) /z (t ) f(t)dtv € [ 1, 2)7 (2 9)

provided thatL[a, as] is the space of all Lebesgue integrable functions on the compact
interval [ay, as).

Definition 2.6. [24] The gamma functiorl}, beta function,B and the Hypergeometric
function,s Fy , respectively, defined by:

* ot L@)T(y) (1. _
Fx::/ e~ 'trdt, x > 0; B(x,y :ziz/txll—tyldt,x,y>0.
(@)= (@)= g = [ -

1 ' ~
/t(l2—1(1_t)(’_a2_1(1—Zt)_a1dta c>agy > O, ‘Z| <1.

2F1((117a2;0az) = m
y 0
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Raina [23] introduced a class of functions defined by:

o(0),0(1),... > ok
57al0) =50 @) = Y et pACRASER, (@2.10)
k=0

where the coefficients(k) € R*, k € Ny form a bounded sequence. By usifiy10)
Agarwal et al. and Raina [3, 23] defined, respectively, the left-side and right-sided frac-
tional integral operators:

(T rar+w0) (2) = / (& =137 Aw(z — 1)Plo(t)dt, x> ay. (2.11)

ai

CAMSOIEE | Pl Rl — 2o, w < an, (2.12)

wherew € R and¢ is a function such that the integrals on right hand sides exit. It is
easy to verify thag? , , ,.,#(z) and3? , ..., é(z) are bounded integral operators on

L(a1,az), provided thatht := §7 | ,;[w(az — a1)?] < oo. Infact, forp € L(a1,az), we
have

HGZ,)\,alJr;w(le < SJT(aQ - a’l))\H(b”l; H‘Njg,)\,agf;w¢Hl < m(CLQ - al))\”¢||1‘

By setting\ — «; 0(0) — 1 andw — 0in (2.11) and (2.12), respectively,(2.8) and
(2.9) are recaptured. Before starting the main results, we consider the following consider
the following notations to make the representation easier and more compact.

PA+p+F] 5y w(ah — af)?]-1) I Ea(f(al))+Ea(f(a2))+
21— \) >

\I}&L(a’lv a2, p, K; Ol) =

p 2
m{(l = M(LME oo g) (Ma} + (1 = \)(a} + af — k) —
(h =85 gyalwlag — a])’])(LME o g) (May + (1 = Ar)(af + a3 — k) } =
7 v_p, LME b
<3pﬁ,[(1,\1)(a’;n)+a§]+;m 09) (ag)
_|_
P (1= M) B (s —ab)?
(3;ﬂ o wp gy LMEo g) (1= M)(af — k) + af)
» i 7(1—A1)p(n,127—m)ﬁ (2 13)

2(1 — \)'HP(ah — k)8

For different choices of parameters (2.13), we have some well known functionals for
Mittag-Leffler type convex functions. For instanck,u, 8,p,0(0) — 1; w,A\;y — 0;

Py ,P
aj+ay

5=, relation(2.13) reduces to following trapezoidal type functional

Ty (al,az,l, al;r@;oz> :=1In Ea(f(a1))+Ba(f(a2)) _ aziGI/MLME(t)dt.

2
(2. 14)

K —

1
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ForB,p,0(0) — 1; A\, p,w, Ay — 05k — %, relation(2.13) reduces to following mid
point type functional

1 az
o0 <a1,a2, 1, “1;“2;04) .— LME (“1 * a2> - / LME(t)dt. (2.15)

2 ag — ay a1

Forg,p,0(0) — L;w, A\ — 0;k — %, A, u — % relation(2.13) reduces to following
Simpson’s type functional

0 (01 5% ) U RS0

Wl W=

2 )73 2

_ 1 / " LME(t)dt (2. 16)

ag — aq 1
1 Aag ~ )
2(s +1) [a] + (1= M) (ab — )] 7
{|ILME'(a1)|®&:(ay, az, p; 1; 774;0)—|—(|LME’(a1)|)\f—|—(1—)\1)s|LME’({/a'f +ab—k)|)

p
K—a
2'{;1 1)ap1_)1 {ILM E'(a2)|&} (a1, az, p; 1; 0575
2

+ (|[LME'(a2)|]A\] + (1 = \1)°|LME'({/d} + ab — k)|)&% (a1, az, p; 1;0;15) }
2. 17)

Gl(a17a2757p7)\7:u7’%) =

&2 (a1, a2,p; 1,043 0)} +

- ab — K / 1,s o
o1(k) :=o(k) — V|[LME'(a1)|9¢" (a1, a2, k, p;14;0)

2[ay + (1= A)(ay —R)] 7
+ (ILME (a1)[A7 + (1= \)*[LME'({/af + a} — 5)[)£° (a1, az, k, p;na; 0)}

p
—aj

p—1
2a4

ILME () + (1= A LME ({al + a — m) )92 (ar, az, k. p: 0;n5>H
(2.18)

X {|LME/(Q2)‘£S(G170427 k7p7 0’ 775)

(@} — 1)/ ILME (@) [P (1 4+ A5) + (1= M)* | LME'({/a} + af — )|
25 T 1 [(/aﬁ’ T (k= n)r(p_l)

Og(k‘) =

X i”/f)é”o(al, as, k, p; a3 0) + f/ﬁﬁ’o(al, as, k, p; 0;15) X

(k — a?) {/ | LME ()| (1 + A5) + (1 = M )| LME/({/a + af — Ry
2¢/s + 1ag P
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11— M(ab — k) /&5 (a1, az, p; 25 14;0)
z(p—1)
2541 [{/al + (1= M@ — )]

AL (alo(1 4 ) + (1= M LM+ o} —

|/,L‘(H—CL1 \/@0 a17a27p7$ 0 ,’75)
2¢/s+ a5V

X i/LME’(ag)P!(l +A5) + (1 - /\1)S|LME’({/a’1’ +ab — k)Y (2. 20)

P _ 1,0 E.v:na:0 2=1
((1 /{){50 (a17a27 ) P3 T14; 2)};1 {57) (al,az,k,p;m;O)
{{/al (1—X1) (ag—n)}

X [LME/(a)[" + {MILME (@) + (1 - M) |LME'({/a} + a} — x)|"}

(5 — a}){H)° (ar, a2, k, p; 0;m5)} =
2ag_1
x {L% (a1, az, k, p; 0;15) [ LM E'(az)[* + {A]|LME' (a2)|®

+(1 - Al)S\LME/({/af +ab — n)|m}5§é’s(a1,a2,k,p;0;n5)}i] (2. 21)

|17)\|(a§7I<"’){Q58(a’17a?ap;1;7’4;0)}3577'1
-

2¢/5 + 1 [ /el + (1= ) — )]

{&2(ar, az, p; 1;74; 0) [ LM E' (a1)[* + {\]|LME' (a1)|*

- A1>S\LME’<W)V}@O(ahaz,p; L 0)}

= DIl ar, a3 150:5)} 7
2ag ! vV/s+1

+{MILME (az)|" + (1 = \)°|[LME'({/af + a} — x)|"}

X &5 (a1, a2,p;1;0;m5)} = (2. 22)

GQ(Ql,CLQ, S, P, >\7:u7 K/) =

o3(k) :=o(k)

1
H2%ar, az, k,p; 05 m5) = +

G3(a17a27 S, P, )\hu? H) =

{®2(a1, as, p; 1;0;15) | LM E' (a3)[”

H(ar, az, b, psna;ns) = BB +mkp +m2 + 1,1+ n3)x

o (mp —

&2 (a1, az, p; i3 na;s) = 211 (771

1
,771[3+771/€p+772+773+l;mﬁ+mkp+nz+n3+2,n4+n5>
2/ 23)

-1
M2+ 1im3 42,14 +ns) (2. 24)
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£ (ay, az,k,p;na;ns) = BB+Ekp+1,1+mn2) x

-1
2F1(pp BH+kp+1L;8+kp+mn2+2,m +n5>(2- 25)

(1-Xx)@b—r) (1= X)(k—a))
(M) —r) T (2. 26)

N4 =

3. RESULTS

Lemma 3.1. Let ], := [a},a}] € R4 for 0 # p € R witha; < ay and I3 an interior
of I; let f : I, — R be a differentiable function ofi;. Moreover, ifA, 1 € R, k € I,

A €10,1], p, 8,6 > 0andg(§) = /¢, then

p
as

1
— KR
o [ 1A=l - e

x LME' ((/taﬁ’ + (1 —=t)(\a? + (1 = Ap)(a? +ab — H)))

p
R—ay

i—p 1
x[taf +(1=t)(Araf +(1-A1) (af +ay—k))] 7 di+ /U(u*t%g,ml[w(aé’*a’f)”tp])

x LME'(/(1 — t)ab + t(nah + (1 - M) (af +ab — )
 [(1—t)ad + t(Aal + (1 — M) (@ + b — k)] 7" dt
_ P+ plwlay —a)?1 - 1) Eo(f(ar)) + Ea(f(a2))

1
2(1— \y) . 2
D ,
30— ) (L NEME 0 g) (hai + (1= Au)(ef + a5 — r)) -
(b =87 gerlw(al — al)?])(LME o g) (Mah + (1 — A)(af + a5 — k))}—
J° , wi—apyy LMEog (ab)
Pﬁ’[(lf)\l)(alf*’f)*ag]ﬁm
_|_
2(1 = \) P (k —al)B
(30 wiat—aryy LMEo 9) ((1=A1)(ah — k) +af)
R e wavTos vt
» (- A1)P(ad )P 3. 27)
2(1 — \)'HP(dh — k)8

Proof. Integrating by parts and changing variable yields the following:

1
I, = / (1= A= 1937 4 [wlad — ab)ee]}
0

xLME' ((/taff + (1 —=t)(Mad + (1 — Ap)(a) +ab — n)))

x[ta? + (1 — t)(Apa? + (1 — M) (a? + ab — )] 7" dt
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(LME o g) (taf + (1 — t)(Ma] + (1 — A1)(af + ay — K)))
(1= A1) (k —a3)

1
(1= A= 959 5 [w(ad — )T} +p / 197157 Jlw(ad — at)P17]
LME o) (ta} + (1 H)(\a? + (1~ M)(a} +a} — x)))
(= M)(s— ab)

— (1= M)k — @) (1 — A — 8551 [w(a? — b)) LME(ay)

(A= Dp(LME 0 g) (Ma? + (1 — M) (e + & — ))}
e, SRl — )

X(LME o g) (ta® + (1 —t)(M\d® + (1 — \)(a? + db — k))) dt.

dt

By setting,z = ta} + (1 — t)(Ma) + (1 — \)(a} + ab — k)) so that\ia] + (1 —
A)(al +adb — k) —x =t(1—\)(dh — k) = dt = and0 <t <1<«
(1= A)(ah —r) +af <o <al

o dx
(1=X1)(a—r)

I = [(1 = M)(ah — &))" Hp(A + 3§ g [w(ah — af)?] — 1) LM E(ax)
+(L = Np(LME o g) (Maf + (1= Ai)(af + a3 — k))}

» (I1=X1)(af—r)+af » v 61
T e

%375 [w { (o = 1)(8 - iiigzg - :3 tar o) ﬂ (LME o g)(x)dz,

= (1= M) — /)y = p(A+ 85,51 [w(ad — a?)?] — 1)LME(ay)

4 (1— NpLME ({/Alaﬁ’ + (1= A)@ +ab— n)>

p (1=X1)(ab—rK)+af , , 51
- [(1—)\1)(Qg—/€)]5 /Qf (a1+(1—)\1)(02—ﬂ)—l’)

. (a8 — a?)((1 = M)(ak — k) + @b — 2)
X Bos [“’{ (1= )(ah — )

P
} } (LME o g) (z)dz.
Equivalently,

(1 =Ai)(a5 = k)1 = p(A+ 37 s w(ay — a))’] = 1) LM E(aq)

+ (L= Np(LME 0g) Oua + (1= M)(af + af = w)) = s

x (30 WLME°9> (1= M)(ah — k) +ab). (3.28)

P
S RN TE v I Sy
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Similarly, we have

1
I = / (1 — 1755 o (e — a)?17])
0

X LME'({/(1 — t)a§ + t(hab + (1 — Ar)(a} + af — r)))dt
x[(1 = t)a8 + t(Aad + (1 — M) (a? + ab — )] 7" dt
= pl(1 = M)(a] — )] (1 — 1737 51 [w(ah — ab) 7))

1
<(LME© g)((1 = )af+ ¢ + (1 = ) (et + = m))+p [ 177

x§5 glw(al — af)Pt’] LME(Y/(1 — t)af HIZA;SQ(;% (_1 ;)Al)(al s H)))dt
= p[(1 = M) (x — a})] " {uLME(az) — (1 — §5 511 [w(ah — af)?])
X(LME o g)(Aaj + (1 — A)(af +ay — k))}
_ D 15_10 w(d® — aP)PtP
Ty ¢ et =)

0
X(LME o g)((1—t)ah +t(Aah + (1 — M\1)(a] + ab — k)))dt.

By setting,y = (1—t)ab+t(Aab+(1—\1)(al +ab—k)) sothath —y = t(1-\1)(k—al)
:dt:u_/\;)i%andogtg1@(1—)\1)(a’1’—m)+a§2y2a§

(1= A)(r — a))lz = pluLME(az) — (p = 37 g1 [w(ag — a))’])
x (LME o g) (\ab + (1 — M\)(a} + ab — k))] —

p
(1= A) (s —a]))?
" PRI S (1 T AT )R B
X/(l—,\l)(af—n)mg( 2= Y) 3"75[ {(1/\1)( ”)H(LME 9) W)y

K —aj

Equivalently,

(1 =X)(k —a) Iz = p[uLME(az) — (1t = § gy1[wlah — a7)’])
X (LME o g)(Aab + (1= 1) (a} + db — k))]

p ~
- 37 w(a? —a LMEog | (ab).
(1= A)(k = a}))? ( P51 M) (@] =) B i )
(3. 29)
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Addition of (3.28) and(3.29), yields the following:

(1= A)[(ah = k)1 + (5 — a}) Ia] = p(A + 7 541 [w(ah — a})?] = 1) LM E(ay)
+ (1 =Np(LME o g) (Aa} + (1 = \1)(a} +af — &) + pulLME(az)
—plp — 5 g1 [w(ah — al)P])(LME o g) (Mah + (1 — Ay)(af + af — k)]

P N
- o v v, LME P
(1= X1)(k—al))? (dp,@[(1—A1)(a’f—m)+a§’]+;“W ’ g) )

(1—)\1)9(»;—0,11’)/7

p ~
— J° wat-atyy LMEog (1 = XA)(ah — k) +db).
[(1 - /\1)(a§ - "@)]ﬁ ( p,B3,a} Jnm ) 2 !
This completes the proof. O

Theorem 3.2. Let f : I, C Rt — R be a differentiable function ony, interior of I,
such that LM E’| is (s, p)—convex for) # p € Randp,3 > 0;letg(¢) = ¥/£, € > 0
and(s, A1) € (0,1] x [0,1], then

‘\Iﬂ)f(ah a2, P, K; Oé)| S Sg}g-}l Hw|(ag - all’)p] + Gl ((117 az, s, p, )‘7 Hy ’%)' (3 30)
Proof. By relation(2.13), using the property of absolute, the following holds:

(a5 = K)1| + (5 — a) L5
5 :

(WK (a1, a2,p, k5 a)] < (3. 31)

By (s, p)—convexity of| LM E’|

L) = y/‘{lA— 1937 5 1 [w(a — a)Pt]}

xLME' ({/tazf + (1 —=t)(\a] + (1 — A1) (a] +ab — m)))
x[ta? + (1 —t)(Aa? + (1= M) (a? + ab — k)] 7 dt|

1
S/{H—M+W@WMWW£—£Vﬂ}

|LME’({/ta1 (1 —t)(Md® + (1—)\1)(a117+a127—/i))>|

[tazf—i—(l—t)()qa’f—l—(1—)\1)(a€+ag—’f)>]%dt
P kp
=0

X|LME' ((/taf + (1 =t)(Mad + (1= A1) (a} +db — KJ))) |

x[ta? + (1 —t) (Al + (1= \)(a? +ab — k)] 7 dt
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IN

1o (U o (k) |w]F(ad — o
p+<1Aom§mnP[;{§: PRl — o) ey 1 |}

k=0

X[ LME' (a1)[{t° + (1 = 1)°AT} + (1 = £)°(1 = M) [ LM E'({/af + a — #)]]

=M@ -R) ]
XP i u—hx@—m} a

R o (k)|wl* (ab — af)*» TV
Z; + (1= Ar)(ad — )ffF@k+ﬁ+1%A
ILME'(a)|{t* + (1 —t)*A5} + (1 —t)°(1 —M)SLME’(W)]

T
i e s ) L=
P "Tea AM@—M} e @

/|LME JE + (1= AT} + (1 = ) (1= \1)*LME'({/adl +a—r)]

(=A@ —r) 17
-z 11mx@nﬂ “
= ay pk+s+1,1)
k=0 [ (1 /\1)(03—*%)] " D(pk+06+1)
(1= Ai)(a3 — k)
><2F1( ,ﬁ+p/€+8+1ﬁ+pk+s+2, €+(1_)\1)(a2_ﬁ))

—HMMEmnMﬁulfowME%vﬁ+@fanﬂ+m+Ls+n

(1= A1)(ah — k)
><2F1( 5 ,ﬂ+pk+1 B+ pk+ s+ 2, ’1’+(1—)\1)(a§—ﬁ)>}

N 1= Al — {|[LME'(a1)|B(s + 1,1)
[a? + (1= \p)(ah — k)] 7
X2 F1 (p 1,8+1;5+2’ap(+(1/\1)>\(?)2(a—ﬁ)"ﬁ))

p
HILME ()| + (1~ \)*|LME({/a} + a5 — ) )B(L, s + 1)

><2F1(ppl,1;s+2 (1= Au)(ah — ) >} 3. 32)

"al (1 A (@] — )



170 Sabir Hussain and Sobia Rafeeq

Again by (s, p)—convexity of| LM E’|
Ll = |/ (1~ 175 g w(ah — af)t7))

X LME'({/(1 — t)a§ + t(Mab + (1 — Ao)(af + af — )t

w[(1—t)ad + t(Aad + (1 — Ap)(a? + ab — k)] 7" dt|

1
< / (] + 1932 51 (o (a2 — ab)ee]}

x|LME' ((’/(1 —t)ah +t(\ab + (1 — A1) (a] +ab — ﬁ))) |

[(1 — t)ag a4+ (1= M) (a +ab — k)] 7 dt
Pk

- / {Z |1:k+ﬁ+%) S i}
X|LME' ({/(1 —t)ah +t(A\ah + (1 — A1) (a} + ab — Ii))) |
x[(1—t)ad + t(Aad + (1 — Ap)(a? +ab — k)] 7" dt

R e - e
| {Za e

k=0
< [|LME'(a2)|(1 — t)* + t*\S|LME' (a3)| + t*(1 — A)*

_ a1
x\LME’({:/a’f +ab — k)] {1 — t(l)\l)M] dt
a3

o0

IA

kp

_ o(k)|w| ay) ! B+ok(| T M E 1—1)¢
> 1Fpk+ﬁ+1)/ot |LME (a3)](1 - 1)

H{MILME (a2)] + (1 = \)°[LME'({/af + af — 5)[}]

y [1_75(1—&)(“—‘@}1’ ;"1/0 ILME (a3)|(1 — t)*
a3

+HH{A LM E' (az)| + (1= M)*|LME'({/af + a — r)]}]
X{ltﬂlhﬂﬁaﬁ}"dt

P
Qs

o0

= |’LU| ag_al)

— 1—-A —ab
Xﬂq<ppvﬂ+Pk+Lﬁ+pk+s+z(1$faﬁ>
2

+(|LME’(a2)|)\S + (1 =\N)°|ILME'({/d} +ab — k)|)B(B+ pk + s+ 1,1)

)\ _ 4P
><2F1( . bkt s+ 1.8+ phts+2, (flgfc‘l))}
2

1 _ _ P
|“|1{|LME'(a2)|]B(1 1+ s)F (== 155+ 2, M
ag p ay

F(ILME (a2)]5 + (1 — M)*|LME'({/a? + a8 — &))B(1 + s,1)

xm(p_l, s 7(1_“(“_6@)}. 3. 33)
p Qg

s+1;s4+2 »
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Combining the inequalitie§3.31), (3.32), (3.33), then using the defining2.17), (2.18),
(2.23) — (2.26) and(2.10) yields the desired inequalif3.30). O

Following result provides trapezoidal type inequality for Mittag-Leffler type convex
functions.

Corollary 3.3. Letf : I; € R™ — R be a differentiable function o, interior of I,
such thaf LM E'| is s—convex fors € (0, 1], then

a1+a2.

a>’ < {967 (@1,02,0,1:m1:0) = £ (a1, 02,0, 150 m5) }

2 —a1)|LME'(a1)|
4(s+1)

1
’\:[Il <CL1, az, ]-a

x (54 1) + &2 (al,ag,O,l;l;O;n5)] (e (3. 34)

prodv(ide? thatl'] (aq,as, 1, 4£%; o) and|LM E'(z)| are, respectively, defined 1§9.14)
and(2.3).

Proof. The proof directly follows from Theorem 3.2 fov;, u, 3, p,0(0) — 1; w, A\ — 0;

Py P
K — a1;a2. O

Theorem 3.4. Letf : I C Rt — R be a differentiable function oi°, interior of I,
ay,az € I° with a1 < ay such that| LM E'|? is (s,p)—convex forR. > p # 0 and
p.3>0;letg(&) = V€, >0, (s,A) € (0,1] x [0,1] andy > 1 be such thay = —=£,
then

‘\Iﬂ;(alva%paﬁ 0‘)| < %p 5+1Hw|(ag - alf)p] + GQ(alanvsapa)\a/La K:)' (3 35)

Proof. By Holder’s inequality ands, p)—convexity of| LM E’|Y

\m—\/ (1= A= 1937 5,1 [w(ad — a?)P1e]}

xLME' ({/tazf + (1 —=t)(\a] + (1 — X)) (al +ab — m)))

[tazf + (1 —t)(\ad + (1 — ) (a} +ab — H))]%dﬂ
P\kp
/ {Z h:llcwﬁ)) R 1= A

X|LME' ((/taf + (1 =t)(Mal + (1 = A1) (a] +db — KJ))) |

x[ta? + (1 —t) (Al + (1= \)(a? +ab — k)] 7 dt
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e p

k) |wl*(a — a)*
,; pk+ﬁ+ 1)

p

1 + _
X \// 1o [tk + (1 — t)(\ad + (1 — Ay)(ah + ab — )" 7" dt
0

1 .
+1—A|§// taf + (1= )k + (1= A)(af + af — )" 7" e}

\// |LME' ((/m1 ) (Ara? + (1 — Ap)(al + ab — ,{))> vt

kp

o0

|w| aj — af)
;; T(pk+p5+1)

1
X \// tr(B+ek)[tal + (1 — t)(Mad + (1 — A1) (a] + b — W) dt
0

+]1 =) ”\”//0 [tal + (1 —t)(Mal + (1 — M) (a] + ab — m))]m%dt}

1
o [ IEME @)+ (1= 73 + (1= 0= o)

<|LME'({faf + ab — x)|']dt}¥

s o(k)|wl* (a — af)*”
k=0T(pk + 0 +1) {(/Ch (1= A1)(ay — k)

}I(Pfl)

1 ziz®
X\ / {w(B+ok) [1—1& p( — M)(az — k) } dt
0 ai + (1 — A1)(aj — k)
x| rl 1-X1)(ab—k wliTp
1)‘|\/f0 14%} dt
z(p—1)
[+ =) = n)]
(£ + (1= "M} + (1= )°(1 = \)*|LME'({/a} + af — )|"]dt}
= o(k)|w*(ab — ab)ke /B(xp + xkp + 1,1) y
z(p—1)
i=0 T(pk + B + 1) [</a1 d— M) K)}

H / |LME (ay)]”

’\"/2F1< p—1 xf+akp+ Laf 4 xkp + 2
1 (1-A1)(ab—k)
1>\|\/F1 512 lAl)?azw)>
z(p—1)
[{/al (1= A1)(ah ’f)]
. i/|LJ\4E/(a1)y(1 +X5) + (1 - A1)3|L1\4E’(€/‘m)|y, (3. 36)

(1= A1)(ay — k) )
Tai + (1= A1)(af — k)

s+1
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Again by Holder’s inequality ands, p) —convexity of| LM E'|¥

1| = |/ 1= 1950 5 1 [w(dh — a?)17))
xLME'({/(l —t)al +t(Mab + (1 — M) (a] + ab — R)))
X [(1 = t)al + t(nal + (1 — M) (a? + ab — k)] 7 di]
< [+ 05 il = )
X|LME'({/(1 — t)ab + t(\a§ + (1 — A1)(a} +ab — )]

[(1—t)a§'+t()\1a§’ + (1= ) + a8 — k)] 7 dt
_ k)lwl*(ah —a)* 5.,
_/{Z pk+ﬂ+1) e )

*|LME'({/(1 — t)a + t(Ma5 + (1 — Ao)(af + a — r)))|
[(1 —1)ah + t(Mab + (1 — M\ )(a? +ab — k)] 7 dt

< {Z k) |wl*(ah — af)*
= T(pk+p5+1)

1
X a\F// t=(B+eR) [(1 — t)ah + t(Mab + (1 — A1) (a} + ab — K))]z%pdt
0

-+ \//0 (1= t)a + tah + (1= M) (a? + ab — k)" 7" dt}

1
X i’// |LME’(</(1 —t)ah +t(Mab + (1 — 1) (a] + ab — k)))|vdt
- |w| ah — azf)kp
kZO L(pk+38+1)

— p p 1-p
0 2 1 x l

1 -
o \//0 (1= t)ag + t(\ay + (1= M) (af +ay — K))]" 77 dt}

X / (LME(a) (1 — t)° +

><|LME’(<//\1ag + (1= X1)(al +ab — ’i))‘ydﬂ}i
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i k)|w|* (a§ — af)*
T(pk + ﬁ +1)

k=0

—_ p P 1-p
0 2 1 + l

1 -
il \//0 (1= t)al +t(May + (1 = M)(a] + ah — k)77 dt}

X / (LME (an)[ (£ + (1 - 1)°)

+° (1= \1)*|LME' ({/a} + af — k)|"]dt}

o~ o (k)|wl|*(af — al)*?
X Dok + 6+ Dag? D

1 P xl_Tp
. / fe(0+pk) [1 A CE S Catlv) >\1)£n - al)] dt
0 ay

+a;|('s|1) il/ol {1 - t(l_)‘lc)bé'i_cﬁ)rlf dt}{/01[|LME/(a2)|y

XN+ (1= 1)} +25(1 = \)*[LMB({/af + f — o))t}

_ {i okl (a — a})* /B + ahp 11
k=0 L(pk + B+ 1)a; 2(p—1)

-1 1—X)(k—a?
i/gFl <a:p ,:E/B+mkp+1;x6+xkp+27(1)£,ﬁal))
p as

Il “\“/QFl (2252 152, G20)frmel))
2

a;(pfl)

+

(a2)]“(1+A3) + (1 = M)S[LME'({/a} +ay — k)Y
s+1 )

(3. 37)

Combining the inequalitie3.31), (3.36)-(3.37), then using the defining2.19), (2.20),
(2.23), (2.24), (2.26) and(2.10) yields the desired inequali}s.35). O

Following result provides some mid point type inequality for Mittag-Leffler type convex
functions.
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Corollary 3.5. Letf : I; CRT™ — Rbea differentiable function oy, interior of I,

such that LM E'|Y is s—convex fory > 1 such thaty = —%5 ands € (0, 1], then
— LME'(
’\If% (al,ag,l, al;“Q;a)’ < b Zl\)/lﬁ = [\/ﬁ (a1,a2,0,1:74:0)

+</~63,0(a/1aa/2’07 17Oa775) + </Q58(0/1,a,2, 1»337774a0)} (3 38)

provided that¥§ (ai, az, 1, “5%2; o) and|LM E'(z)| are, respectively, defined 9.15)
and(2.3).
Proof. The proof directly follows from Theorem 3.4 fgt, p,0(0) — 1; A, p, w, Ay — 0;

al+a¥ ) O

R — 2

Theorem 3.6. Let f : ] C Rt — R be a differentiable function oi°, interior of I,
ay,as € I° with a; < ay such tha LM E'|” is (s, p)—convex forR > p # 0 p, 5 > 0,
x> 1;letg() = ¥/, € > 0and(s, A1) € (0,1] x [0,1], then

‘\II ((11,(12,]9, R a)| < Sp 5_|_1H,w|(a}27 - alf)p] + G3(a17a27 S, D, )‘7/143 K:)' (3 39)

Proof. By (s, p)—convexity of| LM E’|* and power-mean inequality which is

/ £(2) |dz<< / £(2) |dx>wml< /ablf(x)llg(x)lzdzcy,

\hl—\/ {1 - A= 1937 51 [w(at — a?)Pte]}

xLME' ({/tazf + (1 —=t)(\a] + (1 — A1) (a] +ab — m)))
x[ta? + (1 —t)(Aa? + (1= M) (a? + ab — k)] 7 dt|

1
< / (1= A+ 937 g [[wl (e — a?)?t7]}

|LME’({/ta1 (1 —t)(Md® + (1—)\1)(a117+a127—/i)))|
[m1;+(1—t)(AlaI;Jr(1_A1)(a{+ag—n)>]“7”dt
- [ e

=0

pk—|—ﬁ—|—1)

X|LME' ((/taf + (1 =t)(Mad + (1= A1) (a} +db — KJ))) |

x[ta? + (1 —t) (Al + (1= \)(a? +ab — k)] 7 dt



176 Sabir Hussain and Sobia Rafeeq

i o (k)|w|*(aj — af)*
P pk+ﬁ+ 1)

x{/o PRIt + (1 — t)(Aad 4 (1 — A\y)(a? + ab — H))]l;p

1 1 p
x{/ PRt + (1 — t) (N + (1 = \)(a? +db — k)] 7 x
0

|LME' ({/ta{ + (1 =t)(Ma + (1= A1) (a] + b — H))) |wdt}%

+1 =M Tt + (1= O00a + (1= M) (ef +f = )]

x{/ [ta? + (1 — ) (A + (1 — \)(a? + af — k)] 7 x

|LME' ((/tal + (1= t)(Mal + (1= Ap)(a? + ab — m))) “dt}+

o~ o (k)[w[*(ah — al)F*
T(pk + B +1)

<
k=0

1 1 p
x{/o tPHPR[tR + (1 — t)(Aad 4+ (1 = \p)(a? +ab — k)] 7

—D

x{/ltﬁmk[taﬁg F (1=t Ma? + (1= M) +ad —r)] 7
0

X[t LME' (a1)[” + (1 = ) {\{ LM E/(a1)["

L= X EME({ff + af = ) Y

1 1p
+|14\{/0 [ta? + (1 — )(Ma? + (1— Ar)(a? +a — )] 7

1—p

x{/o [ta? + (1 — ) (Ma? + (1 — A)(? +af — w)] 7"
(LM E )|+ (1-0)* (X LM Elan) |+ (1A )* LM E'({fad+ ar) | Yt}
o0 w k(P _ aP kp
-5 o (Rl (ah — af)
0T (pk+ B+ 1) [{/af + (1= A)(@ — )]

(o {”af(iuil)x(ff(asﬁ—)mﬁdtﬁ

1
<{ [ [HRELME (@) + (1 = 1) X LM E (@)
0

R R e e = M)

(1-X1)(a5—k) 2=1 e
+|1*)\|{f0 [1 tW] dt} ( 1{ . (1—X)(dh — k) ] P
{{’/a’f—i— T (az—n)r al+(1—X1)(ah—k)
X[t°*|LME' (a1)|" + (1 — t)*{\;|[LM E’ (a1)|*
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f; o (k)| (a8 — ab)¥s
= (pk+6+1[€/a1 (= )(af—n)]
(=A@ —r) e
u—&x%—ﬂﬂ}

=) {B(B+kp+1,1)

><2F1< ’ ,ﬁ+kp+lﬂ+kp+27 iy

(1 =Xi)(ah — k) )
+ (1= A1)(ah — &)
B(B+kp+s+1,1)[LME (a1)|" + {\;|LME' (al)\x

X
(L= M) [LME'({/af + a5 — 5)|"}

X Fy (pp Bkt st L kp+s 42 o

><{2F1( 5 ,6+kp+s+1 B+kp+s+2, p

(1= Xi)(ay — k) )
+ (1= X)(ay — k)

B(B+kp+1,145)}*
1= AR (252,152, 200

Y al+(1-A1)(ab—k)
7 P
[+ T=X) (e~ m)]
p- (1-\)(a — k) )
x{oF
{21( T )@ )
xB(s + 1, 1)|[LME' (a1)|*
A LME (a)|* + (1 — A1) | LME'({fa} + b — r)|"}

i (s A pa iy @0

+ —1

1
, s+ 1;s+ 2, po

Tal 4+ (1= M) (dh — k)

Again by (s, p)—convexity of| LM E’|* and power-mean inequality:

1
\m:yﬁmfﬁ$WJMﬁfﬁwm

xLME' ({/(1 —t)ah +t(Mah + (1 — A1) (a} + b — m)))

x[(1 = t)ad + t(Mab + (1 — Ay)(a? + b — k)] 7" dt]

1
SA{M+ﬁﬁmﬂmM?WWWH

X|LME' ((/(1 —t)ah +t(Mah + (1 — M) (a] +ab — KJ))) |

X [(1 = t)ab + t(ad + (1 — Ap)(al + ab — k)] 7 dt
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p

kp
/ Haid 'Z’ij;) 1P Jul}

k=0
X|LME' ((/(1 —t)ah + t(Aah + (1 — A1) (al + ab — /<;))> \

x[(1 = t)al + t(Aab + (1 — M) (a? +af — )] 7 dt

2. o (k)|w]* (ah — ab)ke

Skz:: L(pk+B8+1)
x{/ PFPR[(1 — t)a + t(Mal + (1 — M) (a + ab — k)] 7"
x{/ (1 — £)aB + t(Mal + (1 — Ai)(a® + a& — k)]

X|LME' <f/(1 —t)al +t(Mah + (1 — ) (a] +ab — m))) ”dt} >

x—1

0= 068 + 10w + (1= M)+ =) ey 5

1-p

1
x{/o [(1—=1t)ah +t(\ab + (1 —A)(a] +ab — k)] 7

X|LME' <f/(1 —t)al +t(Mah + (1 — ) (a] +ab — m))) 7t} >

i o (k)|w|F (b — ab)*»

= I(pk + ﬁ +1)
x{/ tPHPR(1 t)ah + t(Aah + (1 — Ap)(a} +ab — Ii))]l;p
x{ / PRI — )b+ tArab + (1 - A)(af + b — m)]T x

(1=1°| LM E'(ag)|" +t°{\; | LM E'(ag)|*+ (1-X1)® |LME’(§/a’1’+a§—m)\m}]dt}%

Hul{ / (1= t)a2 + t(nad + (1 — An)(a? + a — )] 7

1-p

1
x{/o [(1—=1t)ah +t(\ab + (1 —X)(a] +ab — k)] P

x[(1 = )5 | LME' (az)|* + t*{\;|LM E' (a2)|"

U= A IEME'(§fal +af =l Y
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< o(k)|w|*(ah — ajlli)kp{fol B+pk {1 t%} .
- Z D(pk + B+ 1)ab™"
X{/ tﬁ+Pk |LME( )‘z +t'8+pk+s{)\i|LMEl(a2)|x

1-p

+(1 = M) [LME ({a} + b — m)|*)] {1 EPCtod G ) Alc)é“ - "f)} e

f (1— Alg,(n al) s 1 1_71’
|m{o[ 7 {/ { —tal Ai(l)(% L)]

x[(1 — £)*| LM E' (a2)|* + t*{\3| LME' (as)

+(1 — )\1)5|LME (\/m)l“}]dt}z
le f)
a kp+1,1
><2F1< ,ﬁ+/€p+lﬂ+kp+2 (_/M)M)}wxl
p s
_ P
><{2F1( » ,5+k:p+1 B4kptst2, W)
2

xB(B+kp+ 1,1+ s)|LME'(az)|

+{>\S\LME'(G2)|$ + (1= M) [LME'({/a] + a5 — K)["} X

2F1( , LBt kptst 1B +kp+s+2, <C)l§7—a1>)
2
L R (25212, (e )y o2
B(B+kp+s+1,1)}7 + _
aj
— _ 4P
X{2F1 (171,5+2 ()\I)M) B(17$+1)|LME/(0,2)|w
p al
HILME (@) + (1 = M) [LME'({faf + af — )"} x
1 1_ _ P X
2

Combining the inequalitie$3.31) and (3.40)-(3.41), then using the defining2.21) —
(2.24), (2.26) and(2.10) yields the desired inequalii.39). O

Following result provides Simpson type inequality for Mittag-Leffler type convex func-
tions.
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Corollary 3.7. Letf : I; C R™ — R be a differentiable function o, interior of I,
such tha LM E’|* is s—convex forz > 1 ands € (0, 1], then

1 — LME
w3 a1,as,1, 2 +a2;a < (az —a1)] (@)l
3 2 125 + 1
x {3\7 s+1 [{/ﬁé’s(ahaz,O, 13045099 (a1, a, 0, 15743 0)] 7~
+ T/[ﬁé’o(ahamoy 1;0;75)]*~1L5(a1, az, 0, 1;0; 75 )|+
2{/QSZ(aham1;1;n4;0)[058(a1,a2,1;1;774;0)}“"1
+ @0 150l @ an 0z 11500 | (3. 42)
1
provided thatl'? (aq,az, 1, 2492 ) and|LM E'(z)| are, respectively, defined 19.16)
3
and(2.3).

Proof. The proof directly follows from Theorem 3.6 fg¥,p,0(0) — 1; w,A\; — 0;
aiter, O

1.
)\;Mﬂgﬂiﬂ 2

Remark 3.8. For other choices of the parameters in above Theorems, some more results
can be derived which are being omitted.

4. APPLICATIONS

Letay,as € RT, set of positive reals, then the some following means are

1 —al
Alay,ag) = %; G(a1,a2) := \/araz; LP(a1,az):= a2 dz — 4 nal'
a9 — a1
Consider,f(z) = In (1) = —Inz. Then, obviously,f(z) is exp-convex and in this case

(2.2) reduces tdU M E (©£%2) = f (“£%2) and
ag az
/ LME@t)dt = / [m (“1 ;“2) —Int —In(ay + as — t)} dt

1 1

= (a2 —al)ln(a1+a2> —aglnas +ay1lna; —ay + as
asz
—aglna1+a11na2+/ [1_al+a2} dt
a a1 +az—1t

a1 + ao

= (az — al) hl (
= (a2 — a1)[In A(ay, as) — 2LP(ay, as) + 2]

Bl +Eulflen) _ (st
2 20,10,2

1 1

1,s
. ) 0.1:74:0) =
(8+2)(S+1)7 50 (al,CLQ, y L3Ta; ) S+2

) —2[agInas —a;lnag] + 2(az — ay)

In

) =InA(a1,a2) — 2In G(ay, az).

£S(a17a2707 17 07 775) =
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2 x 1 1
95 (a1, 02,0, 1,43 0) = 95 (a1, 02,0, 1;015) = ——3 " (a1,02,0,1;0;5) = 5

x+1’

&0 (a1, a2, 1;x314;0) = B (a1, az, 1;1;0;15) = &5(ay, az, 1;1;74;0)
= &%a1,a2,1;1;0;n5) = 1.

In the light of the above discussion, some consequences of the inequalisi¢s (3.38)
and(3.42) are the followings:

|LP(a1,a2) — InG(a a)_1|<M

1,d2 1,42 74@16@(5—}—2)
LP(ay, a5) — In A(ay, ap) — 1] < {22 =02+ s
Sarag {/x +1/s +1

<3(ﬁ(a27a1)2 1+ /s+1 N 6
16a;as s+1)(s+2) V2

|3LP(a1,a2)—3—1InG(ay,az)—21InA(a1,as)]

5. CONCLUSION

This research work was carried out using the new defined concept of Mittag Leffler
type convexity, generalizing already defined notion so called as exponential type convexity.
New multi-parameters fractional integral identity has been proved. As a result, new unified
fractional portmanteau versions of Hermite-Hadamard type, trapezoidal type, mid point
type and Simpson type inequalities are emerged. Furthermore, some applications to special
means have been discussed of the derived results.
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